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EINIGE INTEGRALDARSTELLUNGEN FUR PRO- 
DUKTE VON WHITTAKERSCHEN FUNKTIONEN 


Von C. 8. MEIJER (Groningen) 
[Received 23 March 1935] 


Einleitung 
Ix der vorliegenden Abhandlung werde ich die drei folgenden 
Beziehungen beweisen* 
422 
P'(j-+m—h)0(§—m—k) * 


Win 2 Wy 2O-¥™) = 


8) 


x [| Fa.(}0*)Ky,(2vel™)K,,,(zve1*!)v dv, (1) 
0 


42? 
P-+m—k)(G—m—k) * 





Wyn) Wi (E-¥) = — 


[ Ky.(30*) Ko,,( av Nami 2v )sin(m— k)r+Y,,,(zv)cos(m—k)r}v do, (2) 
0 


Wy. m(Z 2)W_ k, m(2" 2) = —22 J J4( $0") Ky,(2v) Xx 


 {Jb,,(zv)sin(m—k)r+-Y,,,(zv)cos(m—k)}v dv. (3) 
In (1) wird |argz| < 4x, in (3) aber |argz| < }m vorausgesetzt, 
in (2) ist arg z beliebig. Es wird ferner angenommen 
R(m)|+R(k) <} in(1), 
(m)|+|R(k)| <3 in(2), 
|R(m)|— R(k) < 4 in(3). 


1. Spezialfalle von (1), (2) und (3) 
1.1. Integraldarstellungen fiir Produkte von Besselschen Funktionen. 


Bekanntlich hat mant 


K (0) = (; 5) Mow? Bt): (4) 


* Wm (2) ist die Whittakersche Funktion ; siehe Whittaker and Watson (6), 
chapter XVI. 

Man findet noch eine andere Integraldarstellung fiir W,. ,,(z*) W_,.»(2*), wenn 
man k durch —k ersetzt in (3). 

+ Siehe Meijer (2), Formel (8). 

3695-6 
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falls jargz| < }m und |R(v)| < dist, findet man somit, wenn man 
vv2 = u setzt in (3), 
. 
2) = —7 | Jy(ju?) Ky, (zu){J,,(zu)sin vr-+-Y,,(zu)cos vr}u du. 
0 


Fiir die Hankelschen Funktionen H{)(¢) und H$?)(Z) gilt* 
9 
HY (f) = —e-¥'K, (Le-i**) 


7 


9 
(27) — — ~ elvmiK (Leimi 
und A\?)(C) = ——.e"'K, (Ce). 
Tb 
Hieraus und aus (4) ergibt sich 
9 


HP (HPL) = —M, (2el™)M,, (le. 


7 


Ist jargz| < 3a und |R(v)| < 3, dann hat man also, mit Riicksicht 


auf (1), ‘ J 


A (2?)H (2?) - — [ Ju(du2)K,(2uel™)K, (ener!) du. (7) 


» 
Pra 
0 


Ebenso findet man mit Hilfe von (2), falls | R(v)| < 4 ist, 


x 


8 COS vr 


Hy (2)H? (2) = — } Ko(ju*)K,(zu) 


2 
7 . 


0 
< {J,,(zu)sin vr+Y,,(zu)cos vr}u du. 
Nun hat many 
1 as ’ oe : 
T,(w)cos vr = = {e vTi K (we-*')—e’"" K (we™*)}, 
ami 


somit wegen (5) und (6) 


" 7 ? , , a 
T,(w)K,(w)cos vr = ate Hy (we bart) 7°?) (we-t™) — 
—e’™ (weit) H')(weit)}. 
Ist jargz| < 47 und | R(v)| < 4, dann gilt also wegen (7) 


(27) K,(2") 


v 


] : — : a Te 
= — | J,(Lu?)K,,(zu)fe"7 K,, (zue-!7") —e”"' K,, (zue’™)}u du. (8) 
co 


« 


0 


* Fiir (5) vergl. man Watson (5), 78 Formel (8). Weiter hat man (siehe 
Watson (5), 75 Formel (5) mit m 1) Hf) = — e’"H\(Ce™); hieraus und 
aus (5) folgt (6). 

+ Siehe Watson (5), 80 Formeln (17) und (18). 
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Aus (5) und (6) folgt aber 


<{e-"'K,, (ewe!) eK, (eel) 


= {Hy (zu) + AS(zu)} = Jp,(2u). 
Relation (8) geht daher iiber in 


T(2)K,(2) = | J(}u®)Koy(2u)Jp,(2u)u du. (9) 
0 


Die rechte Seite dieser Beziehung ist konvergent fiir R(v) > —}. 
Aus der Theorie der analytischen Fortsetzung ergibt sich also, dass 
(9) giiltig ist, falls jargz| < }v und R(v) > —} ist. Formel (9) ist 
neuerdings von 8. C. Mitra* gegeben worden. 

1.2. Integraldarstellungen fiir Produkte von parabolischen Zylinder- 
funktionen. 

Fiir die parabolische Zylinderfunktion D,(z) gilt bekanntlicht 

D,(z) = 28" +42-*W,, 4 -3(42"). 
Folglich hat man 
D,,(ze***)D, (ze-*™*) = 2"+42-7W,, 4 -3($27e#**) WH, 4 -3(427e-#*) (10) 

und D,,(2)D_»—1(2) = 2? Wyn sa,-a(32?)W_4n—a-a($2*). (11) 

Nun istt 

(F)te, (OQ = (=) Foose, Y_,(f) = (=) Paine. 

Aus (10) und (1) ergibt sich somit, falls jargz| < }7 und R(n) < Oist, 


i 2) 


D, (ze!™*)D, (ze***) = ra | J_,-4(40")e-*? dv; 
0 


ebenso aus (10) und (2), falls —1 < R(n) <0 ist und v = tw2 
gesetzt wird, 


D,(ze#™)D, (ze-#™") = 


93 Pa 
Pays | Knalteoostet— Ine) a, 
0 


und schliesslich aus (11) und (3), falls |argz| < }7 und R(n) > —1 
ist, 


n 


D,(z)D_,-1(2) = 2 | Jyss(P)e cos(2zt— nz) dt. 
* Mitra (4), 86 Formel (17). 
+ Whittaker and Watson (6), § 16.5. 


t Siehe Watson (5), 80 Formel (13), 55 Formel (6), 74 Formel (4) und 
54 Formel (3). 

















244 C. S. MEIJER 


Ersetzt man hierin n durch —n—1, dann erhalt man 


D,,(2)D_y-1(2) = —2 ( J_,,-,(@)e~sin(zt+ 4n7)dt. 
0 


2. Beweis von (1) 
Aus der asymptotischen Formel 


K,(w) = (= )Fe " 1+ 0(7) " 


2 u 


folgt K, (we'™) K,(we-t™*) = —e-wv2 f1+o(4 | 
2w | w)}* 
Die rechte Seite von (1) ist daher fiir |jargz|‘< $7 eine analytische 
Funktion von z; ich darf also argz = 0 voraussetzen.* 
Nun gilt? Ps 


Wy. n(Ce*™*)W,. ,(e2"!) = Sa uxtB-1K (Qu) x 
sn ce, ni\ > I(a)I 5 af 
0 
(4 m—k, 4—m—k, 4—k, 1—k; 1—2k, a, B; — “z) (13) 


Hierin sind a und £ beliebige Zahlen mit R(«) > 0, R(f) > 0. 
Nimmt man a = 1—k, B = 4—k und ( = 2 (z > 0), dann erhilt 


mant 


1—2k,4k 
W,., m(2 Zeb!) Wi. m(z7e-***) — ~ 


Ta— mh * 


| e~2uy—2k (1+ m—k, 4—m—k; 1—2k; =) du. (14) 
0 

Nun hat man, falls | R(m)|+- R(k) < $ ist§, 

Q1-2kyAky 2k 


AC oe 4u 
T'(1—2k) i (k+m—k, $—m — fi: ea 2k; —_ = 


“” 


22 ~ 2a? 
= on J_ 9 i) K, ) lv. 

ul'(4--m—k)P(4—m—k) | 2x(20") an( Ga) ” 
0 


* Ich nehme an, dass |R(m)|+R(k) < } ist, so dass das Integral in der 
rechten Seite von (1) konvergent ist. 

+ Siehe Meijer (3), Satz 6; Formel (13) gilt fiir |arg Z| < 47. 

t K_,(w) (77/2w)te—”. 

§ Siehe Watson (5), 410 Formel (1). 
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Aus (14) folgt daher* 


2 
Wry 2202) Wy (22-28) = - 


(§+-m—k)P(§—m—k) * 





a . 


r 7 202) du 
2a, —2u 
x | tate yw dv | etek, (Ge) y 
0 0 


Es gilt abert 


| eKay( a) = i a 2K,,,(zve'*) K,,,(zve-*™*), 
4u 


Formel (15) ist also aquivalent mit (1). 


3. Beweis von (2) 
Sind a, b, c 4 0, —1, —2..., so gibt es eine von a, b, c abhangige, 
positive Zahl + mit der Eigenschaft 
aah nera—i) <f (#=L85.) 
Folglich hat man fiir beliebige komplexe Werte von w 
2) Dal (6)T(cjw™ (rei (rhe 


n'\T(a+-n)D(b+-n)P(ce+n) abs a t (2!)4 
t\w| , (r\w|)? 


d 
<(1+7h +- 31 +--) == tril, 


Hieraus und aus der asymptotischen Formel (12) folgt, dass das 


Integral 


ay f S| P@POT()gre™ ; 
{isa I > ainetar ré-+n)r(erm)) 


konvergent ist.{ Im Integral 
| K,,(4v*) F(a, b, ¢; Sut)w>+4 dv 
i) 


darf man also§ die Funktion ,F;(a, b,c; {v*) nach steigenden Potenzen 


* Die Vertauschung der Integrationsfolge ist erlaubt ; man vergl. Bromwich 
(1), § 177. 

+ Watson (5), § 13.71. 

t Ich nehme an, dass |R(j)|—R(A) < 1 ist. 

§ Man vergl. Bromwich (1), 453. 
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von v entwickeln und gliedweise integrieren. Wegen* 
[ Ky(do2)o24 dv = 2-1P ($+ Ja— Su) + Jot du) 
0 
findet man dann 
 K,(40*) oF y(a, b, ¢; Lote dv = 2—1($-4+ A— Ju) (E+ 4 4p) x 
X of3(2-+ 3A—dp, 3+ 3A+ bu; a, b,c; 162). (16) 


Diese Beziehung gilt fiir | R(u)|— R(A) < 1 und alle Werte von £. 
Nun hat man, falls v nicht ganz ist, 





K,(w) = —" {1 (w)—Lw)}, —_Y,(w) = “lw)eosvm—J_,(w) 


2 sin v7 sin v7 
Hieraus ergibt sich, falls 2m nicht ganz ist, 
K3,(20){Jom(zv)sin(m —k)r+-Y,,,(zv)cos(m—k)z} 
sab st { — Lon (20) Jom (2v)cos(m +-k)2+-L,,(2v)I_»,,(zv)eos(m—k) a+ 
2 sin*2ma7 7 
+L. om (20) Jo,(zv)cos(m-+-k)a—L_5,,(2v)I_,(2v)cos(m—k)z}. (17) 
Weiter gilt{ 


1 zy\4m 3 : 244 
Dy, (2) Jom (20) ra bam) FL +m, 1+-m, 1+2m; — az 
(18) 


und 


] { z4py4 
Lym (20) I_om (20) = Rit. 4+-m, la: =e 
2m v) om v) N(1+2m)r(1—2m)\° (3 +m m aa) 


erm .. ; zv4\) 
F;\ 3, 3-++-m, 3—m; — j 9 

~ 1—4m?° (8 — az} (19) 
Aus (17), (18), (19) und (16) folgt nun, falls | R(m)|+|R(k)| < 4 


und m $ 0 ist, 


7 


422 ' 
7 K,,.(4v)K, x 
N(s+m—k)P = Noie( 30") Kg, (20) X 


 {Jom(2v)sin(m—k)r-+-Y,,,(zv)cos(m—k)a}v dv 


* Siehe Watson (5), 388 Formel (8). 
+ Watson (5), 78 Formel (6) und 64 Formel (1). 
{t Watson (5), 148 Formeln (3) und (4). 
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ee Fy(3-+-m—k, }+-m-+k; +m, 14+-m, 142m; —}24)+ 


+ Pag ep fd —m—k, $m; dm, 1m, 12m; — Je) 
I\(m)P'(—m)2z? 
' 21\(4+-m—4)r dig 
I'\(m— 43) (—m—4)kz4 

T aP(g+m— pr G—m— k)* 

Die rechte Seite dieser Relation ist aber gleich* 
Wye m (27047) Wy, m(Z2e*7"), 

so dass Formel (2) bewiesen ist fiir den Fall, dass m + 0 ist. Durch 
Grenziibergang findet man, dass (2) auch noch gilt fiir m = 90. 


F,(4+-k, 4—k; 4, 1+-m, 1—m; —}24)+ 


2f;(1+k, 1—k; 3, 3-+-m, 3—m; —}24). (20) 


4. Beweis von (3) 
Ist 2m ~ 0,+-1, +2,..., dann gilt bekanntlicht 
. I'\(— 2m) 
Wye m(S) — r(4— m—k) 
I\(2m) 
(}+-m—h) 


F(a; B; —£) = e-$,F,(B—a; B; £). 
Hieraus und aus (21) geht hervor, falls 2m nicht ganz und 
tim+k ~ 0, —1, —2.,... ist, 
D(3+-m+k)0($—m-+-k)e**"'W_,, ,,(fe*7") 
= T(—2m)P(4-+-m-+ herd +m+brigt+me-io FE (4+-m—k; 1+2m; f)+ 


+T(2m)P(4—m+kh)et4-m +i fi—me-4e | Fe (4—m—k; 1—2m; £). 
(22) 


Ci+me-Hl F(4-+-m—k; 142m; 0)+ 


4 {i—me-1l  F.(4—m—k; 1—2m; ). (21) 


Ferner hat man{t 


Aus (22) und (21) ergibt sich nun, falls }--m+k ~ 0, —1, —2.... ist,§ 


T(4+2 m+k)T(s—m+k) 
Qa 


x {OW ,(Le”)—e WW ,,,(Le-™4)}. (28) 


* Meijer (3), Formel (87). Die Beziehung 
Wrem(22e**!) W;..(22e #7!) = rechte Seite von (20) 
ist in (3) nur fiir jargz| < 47 bewiesen worden. Sie gilt aber, wegen der 
Theorie der analytischen Fortsetzung, fiir alle Werte von arg z. 
+ Whittaker and Watson (6), § 16.41 und § 16.1. 
t Watson (5), 102 Formel (1). 
§ (23) gilt aus Stetigkeitsgriinden auch noch, falls 2m ganz ist. 


Wim(S) = 
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Folglich gilt 
oa P (4 k)r(4— k 
Wr m(2")W km(2") —_ G-rm+ a aac ) 
x {2° Wy 9 (2%€7*) Wp. sy (2*) —€-FW_y, (27-7 )W_y os (2*)}. (24) 
Ist |argz| < 4m und |R(m)|— R(k) < $, dann hat man also, mit 
Riicksicht auf (1), 


km 


92 Lf 
Wam(22)W pum (22) = — [ Jog 302) K ayy (20) X 
0 


x {ek K, ,(zvet™) +e***K,,, (zve-™)}u dv. (25) 
Aus (5) und (6) folgt aber 
ekvi K, ,(zvet™)+e*'K,,, (zve—4”") 


ie Aarife(m—Kirri FT) (297) — elk—myri F] 2) (zy)} 


= —n{J,,,(zv)sin(m—k)a+Y,,,(zv)cos(m—k)r}. 


Relation (25) ist also Aquivalent mit (3). 
Bemerkung. Mit Hilfe von (24) und ( 


2) kann man noch eine andere 
Integraldarstellung fiir W,.,,,(z*)W_,.,(2*) ableiten. Diese wird aber 


sehr kompliziert. 
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ON EQUIVALENT OBSERVERS /% 


By G. J. WHITROW (Ozford) 


[Received 21 January 1935] 

1. Introduction 
THE problem of correlating the space and time measures of two 
observers who are assumed to be in uniform relative motion was 
considered in a recent paper.* By employing a method originally 
suggested by Professor E. A. Milne it was shown that the Lorentz 
formulae could be deduced without appealing to the homogeneity of 
space and time. The assumptions made were 

(i) the existence of a definite velocity c which is invariant for any 
two observers Ao, A, in uniform relative motion; 

(ii) the existence of signals which may be transmitted with this 
velocity; 

(iii) the relativity postulate: that the formulae connecting the space 

and time measures of A, with those of A, are reversible. 
Further, it was assumed that, if the velocity of A, according to Ay 
is V, then the velocity of Ag according to A, is —V, and it was 
pointed out, in a footnote, that this could be regarded as a conse- 
quence of the assumption that A, and A, have equivalent clocks. 

In his standard treatise Eddingtont remarks that one rule by 
which we can extend fictitious time-partitions throughout the world 
is to assume that, if a clock be moved with infinitesimal velocity from 
one place to another, then it will continue to read the same time at 
its new station. Since the ideas involved in this rule are not precise, 
no use was made of it in the previous paper. Instead, the analysis 
was based on a set of operations which, in principle, could actually be 
carried out. In a series of lectures delivered at Oxford in October 

‘1933, Milne showed how the procedure adopted for observers in uni- 
form relative motion could be extended to observers in any relative 
\motion. On a new definition of the concept of equivalence he erected 
an analysis which included the one-dimensional Lorentz analysis as 

a particular case. 
In this note an analysis which is formally equivalent to Milne’s 


* Whitrow, Quart. J. of Math. (Oxford), 4 (1933), 161-72. 
+ Eddington, The Mathematical Theory of Relativity (1930), 29. 
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will be developed from a different point of view. In particular, the 
problem of correlating the observations of a linear system of equi- 
valent observers will lead to a set of functional equations identical 
with those obtained by Milne.* The mathematical core of this paper 
will consist in the consideration of these equations. It will subse- 
quently be shown that it is formally possible for each member to 
regraduate his clock so that they all appear to be in uniform motion 
relative to each other. Consequently, uniform motion may be de- 
scribed without introducing any indefinable concepts. 


2. Two equivalent observers 

We begin by considering two observers A, and A,, each of whom 
is provided with some definite means of recording the order of events 
at himself. A signal, e.g. a light pulse, emitted by A, at time ¢, is 
received by A, at time t,. By repeating this process sufficiently often 
it is possible in principle to determine the functional relationship of 


t, to t). Let this be expressed in the form 

ty = Oy(to). (1) 
Similarly, if at time tj, say, A, emits a signal which is received by 
A, at time 4), a functional relation 

, , 

to = Pro(tr), 
say, may be determined. Jf the functional identity 

910 Bo 
holds, then A, and A, will be said to be equivalent observers. 

This appears to be a different definition of equivalence from that 
adopted by Milne,} and in order to compare the two we suppose the 
signal which leaves A, at t, to be instantaneously reflected on arrival 
at A,. Hence equation (2) may be rewritten in the form 

to = Oyo(t,). (3) 
The epoch of the arrival of the signal at A, is ¢, according to A). 
The first question Milne asks is: What will be its epoch according to 
Ay? As it is assumed that observers can only record local time- 

* Since this paper was written Milne has published his Relativity, Gravita- 
tion, and World-Structure (Oxford, 1935), and references to this work, quoted 
as W.S., have been inserted. In the present connexion see W.S. §§ 39-45. 
I should like to take this opportunity of expressing my deep gratitude to 


Professor Milne for his constant encouragement and advice. 
+ Milne, W.S. § 17. 
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observations, the answer is purely conventional. Milne defines the 
epoch according to Ay, of the arrival of the signal at A, as 


t = H(to+t). 
Since ¢) and ¢ are related to t, by equations (1) and (3), it follows 
that if 
ae 4 = furl?) 
there must exist an operational identity 
for’ = 419+ 901’). (4) 
Milne also stipulates that A, defines the distance of A, at ¢ as 
ead toxlt) = Hto—ty) (5) 


and ¢ is an arbitrary constant. Substituting from equations (1), (3), 
(4) in equation (5) we deduce the operational identity 


$o1 = 2(9:0for'—%01'for’)- (6) 
A, defines the epoch and distance of events at A, in a similar manner 
and deduces operational identities of the form 


fio’ = 291+"), $10 = 3(8orfi0'— 910" fio’) 
Consequently, if 045 = 9, then fig = fo, and $49 = %o;. Conversely, 
it is easily proved that, if fi) = fo, and dy = %;, then O49 = 4%). 
Since the functions @ correspond to Milne’s auxiliary functions p, it 


is clear that the definition of equivalence adopted here is formally 
identical with that employed by Milne. In his work, however, the 
functions f and ¢ are of primary importance. In the present work 
emphasis is laid on @, i.e. the function expressing the time of recep- 
tion of a signal by one observer in terms of its time of emission from 
the other, both times being, of course, local times. As it is convenient 
to have a name for this function it will be called the signal-function. 


3. Linear systems of equivalent observers 

Let Ay, A,, Ay be any three observers moving in alinement with 
each other. If Ay, A, be equivalent and if Ay, A, be equivalent, it is 
not necessarily the case that A,, A, should be equivalent. Milne has 
already discovered the necessary and sufficient conditions that this 
should be so, and the following is a concise alternative derivation of 
these conditions. 

We will assume that A, lies between A, and A,. There is no 
difficulty in rearranging the following argument when this is not so. 

A, at time ¢, emits a signal which passes Ay at ¢) and arrives at 
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A, at t,. This process may be repeated arbitrarily often and the 
following functional relations, say, be determined: 
to = Aol(t,), ty = Ooo(to)- 
Moreover, let the relation between ¢, and t, be written 
ty = 949(t,). 
Then for consistency, 915 = oe. A10- 

Similarly, at time #3, say, A, emits a signal which passes A, at f5 
and arrives at A, at ¢;. This process may be repeated and the fol- 
lowing relations be determined: 

ty = Oao(ts), ty = 9% y(t). 
If the relation between ¢; and ¢; be written 
ty = O,(t3), 
it follows that O51 = 9, Foo. 

By definition, if Ay and A, are equivalent, 6,) = 9. Similarly, if 

A, and A, are equivalent, 0,5 = 05. Hence 
921 = 919 %2- 
If A, and A, are equivalent, then 0,, = 0,.. This is so, if and only if 


919 92 = 92 Aro. 


In general, if A,, A,, A, be any three members of a linear system of 
equivalent observers taken in order, and if the signal-function of 


A,, A, be 0 


and so on, we must have 


Oo» = bq Bo — Dor Paws (7) 
These are the conditions obtained by Milne.* We notice that any 


two signal-functions with a common suffix are commutative.f 


pq 


4. Commutative functional operators 

In the previous section we have been led to consider functions 
6, 0), say, of a single variable satisfying operational identities of the 
form : 

06, = 4,98. (8) 

In investigating identities of this nature it is convenient to express 
the operators in a certain canonical form analogous to a well-known 

* Milne, W.S. § 43. 


t+ The operational product of any two signal functions without a common 
suffix has no physical significance. 
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form in the theory of matrices. Connected with this representation 
is a famous functional equation, first investigated by Abel.* 

It is easily seen that the operators commutative with a given 
operator form a group. For if @,, 6, be any two operators which are 
commutative with 65, then 

0, 0,05 = 0,050, = 0,6, 2, 
and so the operational product 6,6, is commutative with 6). The 
other conditions for a group are also satisfied.f 

Since 6, is itself a member of the group, then so is 6,4), which we 
write as 6%. More generally 6{, where n is any positive integer, is a 
member of the group. It is evident that, if a meaning can be attached 
to the symbol 6? when n is any real number, then the group of 
operators @ satisfying (8) must be continuous. Assuming provi- 
sionally that this is so, it immediately follows that the group must 
contain an infinitesimal member.{ Let the function obtained by 
operating with this infinitesimal member on x be 


x+ew(x), 


where powers of ¢ higher than the first may be neglected. Since this 
infinitesimal member is commutative with 6), we have the identity 


Oo{a-+-ew(a)} = O9(x)+-€w6 (2). 


Assuming, provisionally, that the function on the left may be ex- 
panded by the mean-value theorem, we find on equating coefficients 


of « that d89(x) ies 
O,(x) dd 


wOy(x) w(x)” 


x 


Writing Ax) = | Basa (9) 


w(x) 
then Q6,(a%) = Q(x)+A, 
where A is an arbitrary constant of integration. It follows from this 
equation that 0)(2) may be expressed in the form 
Gg(22) = QO) +2}. (10) 

If we write Q = logy (11) 

* Abel, @uvres, 2 (1881), 36; Schréder, Math. Ann. 3 (1870), 296; Picard, 
Legons sur quelques équations fonctionnelles (1928), ch. IV. 


+ Bécher, Introduction to Higher Algebra (1931), 82. 
t Ince, Ordinary Differential Equations (1927), 95. 
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we may express @, in the form 

5 = yoy 
where « = expA. 

This suggests that we should consider whether it is possible to 
express any functional operator in the canonical form yo!.* It is 
immediately seen that, if @ be expressible in this form for any given 
positive « (+ 1), then it is expressible in a similar form for any other 
a (~1). This follows from the fact that, if 

f(a) = y(a'r), 
then pap}. = poap. 
By a suitable choice of r we can make a” equal to any given positive 
number, other than unity. 

If %& be such that yroap-! ; (13) 
then, for any argument z, 

yp(az) = Op(2). (14) 
This functional equation may be transformed into a first-order dif- 
ference equation by a method due to Laplace.t 
Let z= u(t), az=u(t+1) | 
v(z) = v(t), p(az) = v(t+1) ) 
Then u(t+1) = au(t) 
and v(t+1) = dv(t), 
while % is related to u and v by the identity 
v(t) = u(t). 
A solution of (16) is u(t) = of. 
It thus remains to find a solution of (17), for then a solution for ¢& is 
given by 


(7) = v(log z/log «). 
Let a function v be defined thus. If 0 < x < 1, let v(x) be arbitrary 
save for the boundary condition 
v(1) = bv(0 
Let v(1+2) = bv(x 


and generally let v(n+x) = 6"r(x), 


). 
) 


where 6” denotes the operational product 00...6 taken n times if n is 


* Tt is convenient to take a > 0, so that A = log « is always real. 
+ Boole, Calculus of Finite Differences (1880), 302. 
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a positive integer, or the operational product 6-16-1...6-1 taken —n 
times if m is a negative integer. Then 
v(n+1+2) = Ov(n+2) 
for all integers n and all numbers 2 in (0,1). Hence a solution, and 
in point of fact the general solution of (17), may be expressed in 
the form v(t) = 6v(2), 


where n = [t]* 

and x = t—[#], 

while, for 0< 2< 1, 

v(x) is an arbitrary function. If @ be a continuous function, the sup- 
plementary condition v(1) = 6v(0) 


ensures that v, as defined above, is also continuous.t Hence any 
functional operator 0 may be expressed in the canonical form yoab. 
We now proceed to determine the general form of any functional 
operator @ which is commutative with a given 4). Writing 
Dy = Yay (19) 
let us define an operator f by the relation 
f= pp, 
whence 6 = off. 
Then, if 00, = 99, 
the operator f satisfies the identity 
f(x %) = af (x). 
Consequently the general form of f is given by 
f(x) = xg(x), 
where G(x x) = g(x). 
Hence g(x) = hi(log x), 
where h is an arbitrary function of period log a). We thus see that 
the general form of any functional operator @ which is commutative 
‘ith 
ics I = Puy yp 
is given by 6= df¢", 
* [t] denotes the greatest integer in ¢. 


+ Further obvious boundary conditions will ensure that v has continuous 
derivatives provided that 6 has. 
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where f is an operator satisfying the identity 
f(x) = xg(log x) 
and g is any function of period log a». 
We may now obtain the general solution of the identities 

‘_ =f,_¢,, = 0,6, 
for it follows that, if any particular @,,, be expressed as ayy, then 
all the operators @,, are included in the form ¥f~! where f(x)/x may 
be expressed as a function of logx of period loga. In particular, 
yoy! where « is any constant is a @,,.. Consequently all the operators 
ft! must be commutative with yas!. Hence f(x)/x must be a func- 
tion of logx admitting every real number as a period and so must 
be a constant. Thus the operators corresponding to the signal-func- 
tions correlating the respective members of a linear system of equi- 
valent observers are expressible in the canonical form yobs! where 
y is an operator defining the system and a is a number defining a 
particular pair of the system. 


Pq 


5. Regraduation of the time-scale 

Consider any two members A,,, A, of a linear system of equivalent 
observers. A signal emitted by A, at time t, is received by A, at 
time ¢,. Let the functional relationship between these time readings 


be given by km 0, 40.), (22) 


4 > _—— —1 , 
where nq = Poy gp. (23) 
Now let A, and A, each regraduate their time-scales in an identical 
manner so that the new time-readings +,, 7, corresponding to t,,, t, 
respectively be related to them by the formula 


t = pp“). (24) 

Then it follows from (22) that 
Tq = Dig(Tp)s (25) 
where Bq = o-10,,9¢7. (26) 





it immediately follows that 


Bog = $% pq $™™. (27) 

Consequently, if each member of a linear system of equivalent 

observers regraduates his clock in the same manner the members 

remain equivalent, as we should expect. The operators y, ¢ may be 
regarded as specifying the different time-scales employed. 


Substituting for @,, 
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It follows from (4) and (6) that, if the signal-function of two equi- 

valent observers is a constant multiple a of the time, then they are 
in uniform relative motion of velocity V where 


_ (14+V/c\4 
Hence, if A,, A,,... transform from the scale ¢ to the scale + by the 
formula ¢ = (1), (29) 


the system reduces to a set of observers in uniform relative motion. 
Moreover, since any operator @ can be expressed in the form yo, 
it follows that any pair of equivalent observers can choose their 
time-scales so that they appear to each other to be in uniform motion. 
Consequently uniform relative motion may be described without intro- 
ducing any indefinable concepts. 


6. The Doppler effect 

It is well known that, if a source of radiation be in motion with 
respect to an observer, its spectral lines are displaced. This follows 
from the fact that the time-interval between successive wave-crests 
of the radiation as measured by an observer at rest with respect to 
the source is not equal to the time-interval between their reception. * 
We proceed to investigate this effect by correlating the rates of 
emission and reception of signals by equivalent observers. T 

Let A, emit signals at a rate v,(t)) per unit time by his clock ty. 
Let A, receive these signals at a rate v,(¢,) per unit time by his clock 
t,. Then the ratio 


rate of emission (proper frequency) 


Deg a - ) 
v,(t) rate of reception (apparent frequency) 


will be called the Doppler ratio. 

A signal emitted by A, at t, is received by A, at t,, say. Let a 
signal emitted by A, at t,+8t, be received by A, at ¢,+8t,. Since 
the number of signals emitted by A, in the interval 5¢, must be equal 
to the number of signals received by A, in the interval 5¢,, it follows 


that Vo(to) dty = V;(t,) 5t,. 


* McCrea, Relativity Physics (1935), 35-6. 

+ I wish to record my deep indebtedness to Dr. A. G. Walker in connexion 
with the ideas of this section. 

3695-6 s 
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Also, since t, = Og, (to), 

then St, = Ooy (ty) Sty = O,{O0,2(t,)} Sto. 
9-1 

Hence v,(t,) dt, = votFor'(ty)} Oty 


Aox{Oor'(ty)} 
and so the Doppler ratio observed by A, is 
t,) Vo(t,) ili 
D(t,) = “eH! "ol __ ge f05346,)). (30) 
; vi(t;) — Yo 9or(4)} : 
If A, emits signals uniformly so that vy is constant, this formula 
reduces to the simpler form 


D(t,) Pe 9o1(9o3'(t)}- (31) 
This is the formula given by Milne.* In particular, if’ 
Oo, (t) = at, 
then D(t,) = «. 


It thus follows that, if two equivalent observers have a uniform 
radial velocity of recession V, then the Doppler shift observed by 
either of signals emitted uniformly by the other is given by 
v 1+-V/c\} 
—_= t- 1", (32) 
v 1—V/c 
where v is the proper frequency and v’ is the apparent frequency. 
This is Einstein’s formula for the Doppler effect in the special theory 
of relativity. 
We now consider the effect of A, and A, each changing their time- 
scales from ¢ to t where | = $4). 


The frequency-functions of emission and reception will now be de- 
noted by 7,(f)) and 7,(¢,) respectively and the intervals (79, 7)+579), 
(71,7,-+657,) will correspond to the intervals (t),t)+¢)), (4, 4,+6¢,) 
respectively. By considering the number of signals emitted in the 
interval 8¢, we deduce the relation 

Vo(To) 87) = Volto) dtp. 


Hence ¥o(T9) = voty(T9)} ib’ (79). 


If the new signal-function be #,, it is given in terms of the original 
signal-function by the formula 


Fo, = $-10q, 


* Milne, W.S. § 21. 
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If the new Doppler ratio be A, we have, by analogy with the pre- 
vious work, 


___—- DoT) om 
A(7,) = ig Mn) Io{Fo1'(71)} 
- v9 (Ty) : p' (74) -19 ’ —19~1 rT 
V9 912 (73) b' {053} remy o1 ¥} op 01 i 1) 


Si -1 ee See Tb’ (+ 
Since {b16, p}’r = V0, rTeayean (7 )xh'(7), 





this formula reduces to 


A(r,) = oP) _ 67 £061 wW(r4)} 


VO W(r,) 
_ Volts) 6. S0-lEt 
v9 Boi '(ty) 011901 (4)} 
and so we see that A(r,) = D(t,). (33) 


Hence the numerical value of the Doppler ratio at any instant is in- 
dependent of the time-scale. In particular, if D is constant, then so 
is A. 

It follows that our general theory of the Doppler effect is con- 
sistent with physical observation, for we know that the spectral shift 
of a moving light-source may be regarded as a colour shift. Conse- 
quently it must be independent of the time-scale. 





7. A one-dimensional universe of discrete particles 

In conclusion, we will apply the theory of signal-functions to the 
construction of a one-dimensional universe of discrete particles satis- 
fying the cosmological principle.* This universe is described in the 
same way by each observer associated with a particle. If the particles 
be arranged in a definite order, so that A,,, is on the same side of 
A, as A, is of A,_,, it follows, by hypothesis, that the relations of 
each pair must be the same. Consequently the signal-functions con- 
necting each pair of consecutive observers must be the same. Hence, 


if @,,, be the functional operator connecting A,, A,, we must have 
6,1, = Oy. (34) 

Since Dor = 903 O12 9 o3.--0,-1 75 

it follows that Oo, = %, 


* Milne, W.S. §§ 46-7. 














260 ON EQUIVALENT OBSERVERS 


and, since 9,.¢ = 957" 9s 

we see that 6,, = 06;". (35) 
In the particular case in which A, and A, are in uniform relative 

motion, so that Oo, = 0, (36) 


all the observers will be in uniform relative motion and 
on = 2”. 
If ¥, denote the relative velocity of Ay, A,, and if }, denote the 
relative velocity of Ay, A, then 
1+ Von/e is ( Vor ie (37) 
1—Y%,/¢ 1—NK,/c 


This is the equation obtained by Milne.* 


8. Summary 

In his book Relativity, Gravitation, and World-Structure Milne has 
shown how equivalent observers may correlate the space and time 
coordinates, which they assign to events, on the sole basis of their 
awareness of a temporal sequence. The analysis is developed in terms 
of two functions correlating the epochs and distances assigned to 
each other by two equivalent observers. An auxiliary function p is 
introduced to facilitate the analysis. 

It is here shown that the entire analysis may be developed in an 
extremely simple fashion by starting with this auxiliary function, 
which, for physical reasons, is called the signal-function. 

The operators corresponding to the signal-functions correlating the 
respective members of a linear system of equivalent observers are 
commutative with one another. They are therefore shown to be 
expressible in the canonical form yo where ys is an operator de- 
fining the system and a is a number defining a particular pair of 
the system. 

It is shown that it is formally possible for each member to re- 
graduate his clock so that they all appear to be in uniform motion 
relative to each other. Consequently uniform motion may be de- 
scribed without introducing any indefinable concepts. 

A general theory of the Doppler effect is developed and it is also 
shown that signal-functions may be used to construct a one-dimen- 
sional universe of discrete particles satisfying the cosmological 
principle. 

* Loc. cit. See also Milne, Quart. J. of Math. (Oxford), 5 (1934), 30-3. 




















ON TARRY’S PROBLEM (I) / 
By E. MAITLAND WRIGHT (Ozford) 
[Received 29 May 1935] 


1. In this paper all small italic letters denote positive integers. 
We define N(k) as the least value of 7 such that the equations 
ah+-...tah = bk+...+b) (l<h<k) (1) 
have a non-trivial solution, i.e. a solution in which the 6 are not a 
permutation of the a. We define M(k) as the least value of j such 
that (1) has a solution with 
att paktl & ORT + oF th 
Such a solution is necessarily non-trivial, so that 
N(k) < M(k). 
The value of N(k) for particular values of k has been studied by 
a large number of writers. A whole chapter of Dickson’s History 
(Dickson, 3) is devoted to an account of their results. Until very 
recently the only result proved about the order of N(k) was that due 
to Tarry (5), namely, N(k) < 2k, 


Last year Pillai (4) proved that 
N(k) = O(k-*2*). 
At about the same date I described (Wright, 7) a method (i) of 
finding upper bounds for N(k) for successive values of k by numerical 
calculations, and (ii) of deducing an order-result for N(k) for general 
k from any upper bound for N(k) for a particular k. Thus I found 
that N(18) < 80 and deduced that N(k) = Of{(160)*9}. Chowla (1) 
recently improved my numerical calculations to prove that N(18) < 68 
and N(k) = O{(136)*}. These methods cannot, however, prove 
anything better than N(k) = O(e%), where a is a constant whose 
value can be reduced by improvements of the numerical calculations. 
These methods prove the same order-results for M(k).* 
I shall prove here 


THEOREM 1. Nik 4(k2+-3) (k odd), 


ky < 
N(k) < 3(k?+4) (k even). 


* The M(k) of this paper is the same as the J(k+2) of my former papers 
(Wright, 7, 8). In these I used M(k) for applications for which N(x) is useless. 
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The proof is very simple. In fact, if we confined ourselves to 
proving the result 

N(k) < HP+k+2), 

the proof would occupy about eight lines. Unfortunately, the method 
does not apply to M(k) and the greater part of this paper is devoted 
to the proof of 

THEOREM 2. M(k) < N(k?). 


From this and Theorem 1 we at once deduce 


THEOREM 3. M(k) < 4(k*+3) (k odd), 
M(k) < 4(k*+-4) (k even). 
k 


It is known that - ) > N(k) > k+-1, and it has been proved 
that M(k) = N(k) = k+1 for all k < 7. My own conjecture as to 
the real truth is that N(k) = k+1. If this is so, then M(k) = N(k), 
since otherwise NV(k+-1) = k+-1, and this is impossible. 


2. Proof of Theorem 1. We take m>1, t>2, n>#!i, and 
l<a,<n (l<r<t). Then there are n! different sets a,,..., a. 
Since there are at most ¢! permutations of ¢ objects, there are not 


less than 
P (t!)2nf > t™n!-1 


sets d,,..., a,, none of which is a permutation of any other. We write 


—— me h 
lL, = ay+ + ay. 


Then t< i, < tx’. 


If k = 1, Theorem 1 is trivial. Let k be odd (k > 3) and take 
m = 3(k—1), t= m(m+1)+1. Then the number of different sets 
, l,,, is at most 


m 


II (tn2*— t+ | 1) < tm II n2r — — ¢m n'- 1 


h=1 
and so there are at least two sets a, a,, not permutations of one 
another, which have the same /,, J,,..., /,,,; that is, there is a non- 
trivial solution of 
azht + azh — beh... b2h (l<h<m). 


It follows that 
t 


> {(n+1+4,)"+ (n+ 1—a,)"} = Dx( (n+1+b,)"+(n+1—b,)"} 


r= \ 
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for 1 <h < 2m+1 = k. This is a solution of (1) of the type required 
with j = 2t = 2m(m+1)4+2 = }(K2+3). 

Hence, if k is odd, N(k) < 4(k?+3). 
If k is even, take m = 3k, t = m?+1. The number of different 
sets 1,, I3,..., lom—y is at most 


m 
II (tn?*-1_t+1) < tm II n2r-l — imn!-1, 
h=1 


and so there is a non-trivial solution of 
azh—11+ |. + azh—-1 — 62h-14.., 4+ pph-1 (l<h<m). 


Hence 


E {nH 1+a,)+ (n-+1—O,)9} = ¥ {ln 1a, + (n+ 1409) 


r=1 
for 1 <h < 2m = k, and so 


N(k) = 2¢ = 2m?+2 = 4(k?+4). 
3. Proof of Theorem 2. We now remove the restriction 1 <a, <n. 
We write i. a ak+...tah, 
and use the notation 
{hy, hg,...,h,} > {H,, Hy,..., H,} (2) 
to denote that, for the particular value of j we are considering, all 
, a;, which have the same J, , J,,,..., l,, have also the same 
liz» lizy.--> ly, Tf this is true, 1, for example, may be regarded as 
a one-valued function of J, ,..., l,, defined only when the equations 


L, = a}+...+a? (h = h,, A,,...,h,) 


are soluble in positive integers; J,, is undefined for all other sets of 


values of J, ,..., 4. We use 
{hy, hg,...,h,} +> {h,..., H,} 

to denote that (2) is not true. 

Lemna 1. Jf {1, 2,...,k} +> k+1, then j > M(k). 

This is simply a restatement of the definition of M(k). 

Lemna 2. Jf {1,2,...,k} > {k+1,k+2,...,j}, then j < N(k). 

If J,,..., l; are all one-valued functions of /,,..., J, then so are the 
coefficients in the equation 


itp, 2 +...+p; = 0, 
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whose roots are @,,...,@;. Hence, apart from permutations, there is 
at most one set @,,..., @; corresponding to each set /,,..., 1,. 
Lemma 3. Jf {1,2,...,k} > k+1, then 
{r, 2r,..., kr} > (k+1)r. 
Let us suppose that 
{r, 2r,..., kr} +> (k+1)r 
Then there exist two sets a,,...,a; and b,,...,6;, such that 
at+...tarh = bi+...-b% (l<h<h), 


r(k+1)_1 | grik+1) r(k+1)_} | Ar(ik+1) 
ay ++. oe bY +-...--5F ° 


Hence aj,...,a7 and bj 


different l;,,,; that is, 


, 0% are two sets with the same ],,...,1, and 


{1, 2,...,k} + k+1. 
Lemna 4. If ¢t > 2 and @f {1, 2,...,k} > k+t, then 
{1, 2,...,k} > {kK+1,k42,...,k+0. 
We take d any positive integer and write 
I, = (a,+d)*+...4+(a;+d)" 


\ 
; 


id n+ (tps ba (3) 


Hence 
t-1 77, k 
D (PE lattescr = tire tewat— > (ET Nae, 
—- (hd s=1 p+t—e 
Since {1, 2,...,k} > k++4, l,., is a one-valued function of J}, /3,..., 1, and 
so, by (3), a one-valued function of d,/,,...,,. Hence the right-hand 
side of (4) is a one-valued function of d, 1, 

If we put d t—1 in succession in (4) we have t—1 equations 
to determine /;.,, 4-1. For a given set 1,,...,l,, these equations 
have only one solution, provided that the determinant of the coeffi- 
cients of ;.,,_4,..., 4,4, on the left-hand side does not vanish. For this 
it is sufficient that D,_, does not vanish, where 

D, = 2 
1 
| 1 
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But D, = 2-*3"-3...(r—2)?(r—1), 


and so D,, #0. Hence 1,,,,,...,l,4;- are one-valued functions of 
L,,..-,l,, that is, 


{1, 2,...,k} > {k+1,k+2,...,k+t—1}. 
Lemna 5. If {1, 2,...,k} > k+1, then 
{1, 2,..., rk} > {1, 2,...,7(k+ 1}. 


This is an immediate consequence of Lemmas 3 and 4. 
The proof of Theorem 2 is now easy. Let us assume that 


{1, 2,...,k} > k+1. 
Putting r = k+-s—1 in Lemma 5, we have 
{1, 2,..., k(k+s—1)} > {1, 2,..., (k+1)(k+8—1)} (s > 1). 


Since (k+1)(k+-s—1) > k(k+8), the right-hand member of this rela- 
tion for any s extends at least as far as the left-hand member of the 
relation for s+1. Hence 


{1, 2,..., k2} > {1, 2,...,j}. 
But, if j = N(k), this contradicts Lemma 2. Hence, if 7 = N(k*), 
{1, 2,...,k} + k+1, 
and so, by Lemma 1, M(k) < N(k*). 


4. Further results. 


TuroreM 4. For every k there exists a k’ such that k < k' < 2k 
and M(k’) = N(k’) = N(k). 


From this we have 


TueoreM 5. M(k) = N(k) for infinitely many k. 
Theorem 4 is clearly an immediate consequence of 
Lema 6. If j > N(k), then {1,..., k} + {k+1, k+2,..., 2k}. 
If {1, 2,...,k} > {k+1, k+-2,..., 2k}, then, by Lemma 3, 
(2, 4,..., 2k} > {Qk+-2, h+4...., 4k}, 
and so, by Lemma 4, 
{1,..., k} > {1, 2,..., 4k}. 
The process may be repeated and eventually we have 
{1,..., k} > {, 2,...,J}- 
But, by Lemma 2, this is impossible if 7 > N(h). 
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5. Consequences in the ‘easier’ Waring’s Problem. 

Let v(k) denote the least value of s such that every n is expressible 
as the sum of at most s numbers of the set 

+m* (as = 1, 2....). 
Then I have proved (Wright, 7) that 
v(k) < 2M(k—2)+A(k), 
where A(k) is the least value of s such that every arithmetic pro- 
gression contains a number which is the sum of at most s members 
of the set (5). I hope shortly to publish results for A(&) analogous 
to those of Hardy and Littlewood (3) for their function I(é) in 
Waring’s Problem. Hence I content myself with stating that 
A(k) < 3(3k—1) (k odd), A(k) < 2k (k even). 
We at once deduce from Theorem 3 
THEOREM 6. 
v(k) < (k—2)#+4(3k+5) (k odd), 
v(k) < (k—2)4+ 2k (k even). 

From Theorem 5 we can deduce 

THEOREM 7. v(k) < k®—3k-+-3 for an infinity of k. 

Theorems 6 and 7 are not new, since better results can be obtained 
from Vinogradoff’s recent results (6) in the ordinary Waring’s 
Problem. But Vinogradoff’s proof is of a much less elementary 
character. 

| Note added 2 August 1935. Dr. Chowla has drawn my attention to 
a proof of the result N(k) < 3(k?+k+2) which he has published (9). 
As the proof I refer to above is shorter than his, I give it here, 
although, of course, Theorem 1 is a better result. 

Let j = $k(kK+1)+1, n>(g!)e*, l<a<cn(l<r<j). Then 
there are at least n/(j!)- sets a,,...,a@; such that no set is a permutation 


of any other. If l, = at+...tat, 


then 7 < 1, < jn”, and so there are at most 
= 9. “= ? 


k 
II (jn®@—j+1) < jini < ni(j!)- 


h=1 be 
L,. Hence at least one set 1,,...,1, corresponds to two sets 
,a; not permutations of one another; that is N(k) < j. 
We observe that this proof (like that of Theorem 1) gives a definite 


upper bound for the a. | 
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1. Ina recent paper,} which will be referred to as T.M., I attempted 
unsuccessfully{ to prove that every finite, unbounded manifold in 
which every circuit bounds a 2-cell is a 3-sphere. On the basis of 
T.M., Theorem 1, which is false, I had prepared an article containing . 
the theorem on infinite manifolds announced in T.M., § 1. An obvious 
corollary to this theorem is that any infinite, unbounded manifold, 
in which every finite circuit bounds a 2-cell and every finite 2-cycle 
bounds a finite region, is what we shall call a formal 3-cell. In §3 
below, an example is given which disproves this. 

By a formal 3-cell we shall mean an infinite, unbounded manifold, 
a sub-divisiont+ of which, say C, contains an infinite sequence of 
elements E,, E,,..., such that E,,, contains every solid of C which 
meets H,,. Under these conditions it is obvious that any solid, and 
therefore any finite region, in C is contained in E, for some value of n. 
Moreover, it is not difficult to show that a subdivision of C has a 
rectilinear model covering Euclidean 3-space; also that the symbol 
for such a rectilinear complex is a formal 3-cell. Thus an infinite 
manifold is a formal 3-cell, if and only if its rectilinear model in 
Hilbert space is in (1,1) semilinear correspondence with Euclidean 
3-space. 

To avoid verbal complications we shall not always distinguish in 
our notation or terminology between a manifold and one of its sub- 
divisions. Thus a manifold will mean an abstraction determined by 
the totality of symbols which are combinatorially equivalent{{ to a 
given symbolic manifold. Any symbolic manifold may be called a 

+ Quart. J. of Math. (Oxford), 5 (1934), 308-20. t Ibid. 6 (1935). 

As in T.M., the words ‘three-dimensional’ will often be omitted. 

+t In referring to a subdivision of an infinite manifold it is implied that any 
finite sub-complex has a finite subdivision. The theorems about combina- 
torial subdivisions which are relevant to this paper are to be found in articles 
by M. H. A. Newman (J. of London Math. Soc. 2 (1927), 56-64), and J. H. C. 
Whitehead (Proc. Cambridge Phil. Soc. 31 (1935), 69-75). 

tt These definitions, and many of the subsequent arguments, are based upon 
an article by J. W. Alexander, Annals of Math. 31 (1930), 292-320. 
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covering of the corresponding manifold, and in dealing with a sub- 
complex K, of a manifold M, we restrict ourselves to coverings which 
contain K as a sub-complex. More precisely, the transformation 
(A, a)! shall not be applied to a covering of M unless a(A)B belongs 
to K, where B is any component, including 1, such that aB belongs 
to K,+ and (U) stands for the boundary of a complex U. 

2. By a non-singular deformation of an i-dimensional manifold 
N, (¢ = 1, 2, or 3), in a three-dimensional manifold M, we shall mean 
the resultant of a finite sequence of transformations of the formt 

N,> N+ (Byss) 
if i = 1 or 2, where £;,, is an (¢+1)-element which meets N; in an 
i-element on (#;,,); and of the form 
N; > N;+£; 
if i = 3, where E; is a 3-element whose boundary meets (N;) in a 
2-element and which is either contained in N; or has no internal com- 
ponent in common with N;. 

Lemma 1. If a circuit c, on a two-dimensional manifold S, in M, is 
transformable into c’ by a non-singular deformation, there is a non- 
singular deformation of S which carries c into c’. 

Let c>c+(E,) 
be the first step in the deformation of c. Let (#,) meet c in a segment 


/ and let m = (E,)—l. 


After a slight deformation, the intersection S.H,, if it exists, will 
consist of non-singular circuits and segments, the latter having their 
end-points on m, and S will not touch F,, except along the boundary 
segment /. At least one of these circuits, say c,, can be joined to a 
vertex on m by a non-singular segment ¢, on Z,, which does not meet 
S except in the end-point on c,. Let p be this end-point and let 


N(K, L) 


stand for the aggregate of components in any symbolic complex L 
which meet a sub-complex K. With a suitable covering, N(t, M) is 
a 3-element and N(p, 8) a 2-element which divides V(t, .M) into two 


+ Unity stands for the ‘empty’ complex, and the convention is that 
Li = L, L being any complex. 
{ Addition is to modulus 2 throughout this paper, though we shall sometimes 


use the minus sign. 
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3-elements. Let ZH, be the one which contains ¢. Then c, is trans- 
formed into a segment by the deformation 
S—> S+(£#,). 
In this way all the circults in S.#, can be eliminated. 

When the circuits have been eliminated there will be at least one 
segment in S.H,, say u, which, together with a segment of m, bounds 
a 2-element C,, on F,, containing no other component of S. If E, 
is defined as before, with N(C,, M) and N(u, 8S) taking the place of 
N(t, M) and N(p, 8), the segment uw is eliminated from S.H, by the 


deformation S > S+(#,). 


Reiterating this process, we obtain a non-singular deformation of 


S into a surface S'!, which does not meet H, except in /, and this 
deformation leaves c unaltered. It is now obvious that the first step 
in the deformation c +c’ can be realized by a non-singular deforma- 
tion of S81, and the lemma follows from induction on the number of 
steps ince>c’. 

If a circuit in M is contained in a 3-element in M it will be called 
an elementary circuit. A circuit which bounds a (singular) 2-cell but 
which is not an elementary circuit will be called a self-linking circuit. 
The simplest type of self-linking circuit is illustrated by the diagram, 
the manifold being the residual space of a circuit m in Euclidean 
space, and s being a self-linking circuit. 

We shall need two lemmas about punctured spheres.t We first 
recall from T.M. pp. 319-20, that any two punctured -spheres are 
equivalent if they have the same number of boundary 2-spheres.{ 


+ Cf. T. M.§ 2. When we refer to a punctured sphere or to any other bounded 
manifold, it is to be assumed that the boundary is non-singular. 

{ The argument used in T.M. is valid in virtue of Alexander’s theorem about 
the separation of a 3-sphere by a 2-sphere (Proc. National Ac. of Sci. 10 (1924), 
6-8). 
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LemMA 2. Any complex K, ina punctured sphere U, is contained in 

an element which is contained in U, provided K does not separate any 
pair of 2-spheres in (U). 

The 2-spheres in (U) can be connected by a system of tubes which 
do not meet K, in such a way as to form a single 2-sphere which 
bounds a 3-element contained in U and containing K. 

Lemma 3. Let U be a punctured sphere and E a 3-element whose 
boundary meets (U) in a band bounded by a pair of non-singular and 
non-intersecting circuits, and either 

(i) let E have no other component in common with U, 
or (ii) let E be contained in U. 
Then U+-E is a punctured sphere (case i) or a pair of punctured 
spheres (case ii). 

Taking U to be actually imbedded in a 3-sphere the proof of the 
second case is obvious. In the first case one can, by the standard 
method of starring elements, imbed EZ in the 3-element bounded by 
the 2-sphere in (U) which meets (#), and the proof is again obvious. 

From Lemma | it follows that any circuit which is contained in 
a punctured sphere in a given manifold is an elementary circuit. 

Now let o be a non-singular circuit in a manifold M, and let o 
bound a 2-cell «, which crosses itself along a non-singular segment 
«8, « and B being vertices on co. The non-singular image ég, of €, is in 
(1,1) correspondence with «, except for two segments ab and a’b’, 
each of which corresponds to af. Let b and a’ be inside e,, and a and 
b’ on s, the boundary of e, and the image of oc. Let x and 2’ be vertices 
on ab and a’b’ respectively, having the same image on af, and let t be 
any segment in e, joining x to x’ and corresponding to a simple circuit 
7,in M. If t does not meet ab or a’b’ except in x and 2’, we call it a 
characteristic segment and + a characteristic circuit with respect to «5. 

THEOREM 1. If a given characteristic circuit is an elementary circuit, 
€, is contained in a 3-element. 

Let a given characteristic circuit + be contained in a 3-element. 
This 3-element can be deformed into one which contains 7 and also 
the double segment af, and finally into a 3-element which contains 
€, by the methods used in proving Lemma 1. 

THEOREM 2.1f o is an elementary circuit, a given characteristic circuit 
is either an elementary circuit or a one-sided circuit in a non-singular 
projective plane. 
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In virtue of Lemma 2 it is sufficient to assume that o is contained 
in a punctured sphere U, and we assume that no characteristic circuit 
is contained in a punctured sphere. If any characteristic circuit were 
contained in a punctured sphere, it would follow from Lemma 2 and 
Theorem | that any circuit on €,, treated as a complex in M, would be 
an elementary circuit. After a slight deformation of (U) we assume 
that no face of ¢,, nor edge of the double line af, lies on (U), and that 
each vertex of (U).«, is incident with precisely two edges of (U).«, 
if it does not lie on af, and with four edges if it lies on a8. We also 
suppose that «, does not touch (U), i.e. e, crosses (U) at any common 
vertex. 

Under these conditions the image of (U).«, in e, is a set of non- 
singular and non-intersecting circuits, which we shall call J. The 
vertices in which of meets (U) will be called double vertices, and 
in the neighbourhood of a double vertex €, (U).¢, corresponds to 
two segments in J meeting ab and a’b’ in x and 2’, the two images 
of &. 

Our first step is to eliminate from (U).¢«, all the isolated circuits, 
that is to say, those which do not contain a double vertex. Such a 
circuit is the image of a circuit in J which does not meet ab or a’b’. 
If there is such a circuit, there is at least one which bounds a 
2-element containing inside it no component of J. Let there be such 
a circuit, and let ZH, be the image on «, of the 2-element in question. 
Let V stand for that one of the two regions U and M—U which con- 
tains #,. With a suitable covering, N(#,,V) is a 3-element which, 
with U, satisfies the conditions of Lemma 3. Therefore 


U+N(E,, V) 


is either a punctured sphere containing U or a pair of punctured 
spheres, one of which contains o. In either case U can be replaced by 


another punctured sphere containing o such that the number of 
isolated circuits in (U).¢, is reduced, and the number of double 
vertices is not increased. Without changing our notation we assume 
all the isolated circuits in (U).¢«, to have been eliminated in this 


way. 

We proceed to replace the new region U by a punctured sphere such 
that no circuit in J meets ab or a’b’ more than once. No circuit in 
I separates b from a’, since its image on (U) does not link o. In the 
absence of isolated circuits, it follows that each circuit in J will then 
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meet each of ab and a’b’ just once. If there is a circuit in J which 
meets either ab or a’b’ more than once, I say that there is at least one 
segment /, on some circuit in J, which, together with a segment of 
ab or a’b’, bounds a 2-element £$, containing no other component 
of J or of ab or a’b’. Let C, be any circuit in J which meets ab or 
a’b’, say ab, more than once. The 2-element bounded by C, either 
contains both 6 and a’ or neither. First assume that it contains 
neither. Then the segments of ab and a’b’ which are inside this 
2-element have both ends on C,, and at least one of these segments, 
together with an are of C,, bounds a 2-element C,, containing no 
other component of ab or of a’b’. The existence of the required 
2-element £%, follows from a similar argument, applied to the seg- 
ments of J lying in C,. 

If the 2-element bounded by C, contains both b and a’, let x be the 
intersection of ab with C, which is nearest to b, and y the next nearest. 
Then the segment xy of ab, together with one of the two ares into 
which C, is separated by x and y, bounds a 2-element containing 
neither 6 nor a’. The existence of the 2-element HZ} now follows from 
the argument used in the previous case, the 2-element bounded 
by the two segments ay playing the part of the original 2-element 
bounded by C;,. 

Let #, and A be the images of H$ and / in M, and let V stand for 
whichever of U or M—U contains Z,. Then the double vertices of 
(U).€,in which of meets A are eliminated by means of the deformation 

U > U+N(E,, V), 
and no new double vertices are introduced. Any isolated circuits 
which are created by this deformation can be eliminated as before 
without increasing the number of double vertices. It follows from 
induction on the latter that o is contained in a punctured sphere U 
such that each circuit in J meets each of the segments ab and a’b’ 
just once. 

Now let ¢,, ¢g,..., ¢, be the circuits in J, and let c; meet ab in p; 
and a’b’ in g;. We suppose c;,, to be contained in the 2-element 
bounded by ¢;, so that p;,, lies between p; and 6 and q;,, between 
q; anda’. The vertices p and q occur in pairs, the vertices in each pair 
having the same image on af. From the order in which they occur it 


follows that ’ 
Qi = Pr-is 


where p; and p; have the same image. 
3695.6 T 
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Since we are assuming that a characteristic circuit for e, is not an 
elementary circuit, the set J is not empty and k > 0. Moreover k is 
even, say k = 2r, since « and f are both inside U. Let C, be one of 
the 2-elements into which the band bounded by c, and c,.,, is separated 
by the segments p,p,,, of ab and q,q,,, of a’b’. Since 

Gr = Priv rut = Pr 

the image of C, in M is a non-singular Mébius band ja, with its 
boundary (to modulus 2) on (U) and no other component on (U). 
A segment in C, joining a vertex on p,p,,, to the corresponding 
vertex on p;p;.,, determines a characteristic circuit in M which is 
a one-sided circuit on ps. A 2-element on (U) bounded by (y,) can 
be added to pu, to provide a non-singular projective plane on which 
a characteristic circuit is a one-sided circuit. 

From an argument similar to the one which led to the 2-cell £3, 
bounded by / and a segment of ab or a’b’, it follows that any charac- 
teristic circuit can be transformed into any other by a non-singular 
deformation. Therefore the theorem follows from Lemma 1. 

CoroLLaRy. Ina manifold with no torsion, o is an elementary circuit, 
if and only if a given characteristic circuit is an elementary circuit. 

We conclude this section with a theorem which is not needed for the 
subsequent sections, but which may be of some general interest. 
bounds a 2-cell, and let each circuit o‘ contain at least one segment m‘, 
which does not belong to any of the others. Then the theorem is: 


Let o!,..., 0” be any set of non-singular circuits in M, each of which 


THEOREM 3. The circuits o bound a set of 2-cells whose intersections 
with themselves and each other consist of non-singular double segments 
joining vertices on o',..., 0”. 


Let o’ = (e§). Each of the 2-cells « can obviously be deformed into 


a 2-cell which has no segment in common with any of the circuits a, 
which does not touch any of these circuits, and which does not inter- 
sect o except in m‘. After further slight deformations it may be 
assumed that ¢},..., «} intersect themselves and each other at most 
in a set of double segments, at which two sheets belonging to ¢) and 
e) cross (¢ = j; ori ~ j), and triple points at which three sheets cross. 
The branch points may be eliminated by Dehn’s method, or by the 
similar method of cutting used in T.M. for the reduction of the 
model R. 


+ Cf. M. Dehn, Math. Annalen, 69 (1910), 147. 
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Each double line corresponds to two lines on e and ej respectively 
(i = j; or i #9), e& being the non-singular image of ¢%. It is either 
a segment (possibly singular) or a circuit. Let «, on one of the ares m, 
be an end-point of a double segment which contains a triple point. 
Taking « as the first point of the double segment, let 8 be the first 
triple point, and let the sheet which cuts the gouble segment at 8 
be on ef. Then the triple point £ is eliminated by the deformation 

ek > ck (E,), 
where E, is a 3-element defined, as in the proof of Lemma 1, in terms 
of N(a«f, M) and the neighbourhood of 8 on the sheet which cuts af. 
No new triple points are created, and induction shows that all the 
triple points on the double segments can be eliminated. 

The theorem now follows from induction on the number of double 
circuits and an argument similar to the one used in the proof of 
Lemma | to eliminate the circuits in S.£,. 

Any double segment y corresponds to segments g’ and g’ on 
e} and ej. If g‘ has one end on (e}) and one end inside e, the same will 
be true of g/ with respect to e}. In this case y will be described as of 
the first type. Otherwise either g' or g’, say g‘, will have both its 
ends on (e}), and g/ will have both ends inside ej. If g' and part of 
the segment on (e}) corresponding to m' bound a 2-element on e} 
containing no other double segment, g‘ can be eliminated by a defor- 
mation similar to the second deformation used in proving Lemma 1. 
In any case a deformation of the first kind, applied to the sheet g' of 
«}, replaces y by two double segments of the first type. For a vertex 
of g! can be joined to a vertex on the image of m’ by a segment which 
does not meet any other double segment, and the image of this seg- 
ment on ¢4 can take the place of ¢ in the proof of Lemma 1. Thus all 
the double segments may be replaced by double segments of the 
first type. 


3. By a ring we shall mean an (orientable) anchor ring composed 
of two 3-elements H, and Z,, meeting in a pair of 2-elements common 
to (2,) and (E£,), these 2-elements having no common vertex. The 
boundary of either 2-element will be called a meridian circuit, and a 
circuit on the boundary of the ring which intersects a meridian in 
a single vertex will be called a longitudinal circuit, or a longitude. We 
shall also describe as a longitude any circuit in the ring which is 
isotopic to a longitudinal circuit on the boundary. 














276 J. H. C. WHITEHEAD 

Lemma 4. Hither of two symbolic rings with a common boundary can 
be transformed internally into the other provided they have a meridian 
circuit in common. 

Let R, and R, be the two rings and let 

R, = £,4+ Ff, 
where #, and L¥ meet in 2-elements bounded by meridian circuits 
m and m*, m being also a meridian of R,. After a suitable internal 
subdivision R, > R}, it is clear that 

R, = E+ Ef, 
where £, and E} are 3-elements meeting in 2-elements bounded by 
mand m*. Then R, and R, can be transformed internally into the 
same ring by starring first 2; and H¥ (i = 1, 2) and then the common 
2-elements. Since R, > Rj internally, the lemma is established. 

Let R, be a ring contained in a symbolic manifold M, and let R, be 
a symbolic ring whose boundary is identical with (2,), the two rings 
having a common meridian. Then from Lemma 4 we have 

Lemma 5. Jf R, has no internal component in common with M, 

M > M—R,+Rk, 
by transformations which are internal to R,. 

A circuit o in a ring M will be called a self-linking circuit of the first 
type if it bounds a 2-cell of the kind described in the last section, with 
a longitude as a characteristic circuit. If Mis taken to be the region 
outside an unknotted tube m, in a 3-sphere, the diagram in § 2 
represents a self-linking circuit of the first type. If n > 1, o will be 
called a self-linking circuit of the nth type if it bounds a 2-cell of the 
kind described in § 2, with a self-linking circuit of the (n—1)th type 
as a characteristic circuit. From the corollary to Theorem 2 and 
induction on v it follows that a self-linking circuit of the nth type is 
self-linking in the sense of § 2. 

Let s be a self-linking circuit of the first type inside a symbolic 
ring R. After a suitable subdivision, N(s, R) will be a ring S, any 
longitude in which will be a self-linking circuit of the first type in R. 
Let m be a meridian circuit and / a longitude on (8), / and m having - 
a single vertex in common. Let M and L respectively be meridian 
and longitudinal circuits on (R), meeting in a single vertex. 

After a suitable subdivisiont of R we may suppose (R) and (S) to 


+ i.e. a general subdivision (Newman, loc. cit.). 
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be congruent, ZL and M corresponding to / and m respectively. With- 
out altering our notation we suppose this to be the case. 

Let U = P(Q,, a,,..., dy) 
be the region R—S, and let 
Ut = P(ai, at...., ay) (¢ = 1, 2....) 
be an infinite sequence of copies of U, P being the same function in 
each case. Let 
(R') = F(bj,...,6%),  (S*) = F(e4,..., eh), 
the b’s and c’s being certain of the vertices a, and the congruence 


(R) = (S) being given by 
by —> C). 


Writing 6% for b,, let b}-! be substituted for ci in U‘ (A = 1....,k; 
i = 1,2,...), and let V* be the region into which U‘ is thus transformed. 
Then I say that the manifold 


W=R+3Vi 
i=1 


satisfies the conditions 
(i) every circuit bounds a 2-cell; 
(ii) every finite 2-cycle bounds a finite region; 

(iii) every non-singular 2-sphere bounds a 3-element; 
and that W is not a formal 3-cell. 

For let WwW" = R+ >. 
with W° = R. Then it follows from induction on » and Lemma 5 
that W” is a ring for every value of n, a meridian circuit on (W™) 
((W”) = (R")) corresponding to a meridian on (S”**) in the congruence 

bY > cf*, 
The conditions (ii) and (iii) are satisfied by any ring. Therefore they 
are satisfied by W, since any finite region in W is contained in W” 
for some value of n. 

Let 1” be the longitude on (S”) which corresponds to / on (8). 
Then /” bounds a 2-cell in W"*", since any longitude in S is deformable 
into s, and s bounds a 2-cell in R. Therefore any circuit in W” bounds 
a 2-cell in W”+, and it follows that the manifold W satisfies the first, 
and therefore all the conditions (i), (ii), (iii). 

Since R*—S* = U*+)* = W*—wW" 
on replacing ct by bf-1, it follows from Lemma 5 that R" > W" by 











278 J. H. C. WHITEHEAD 

a series of simple transformations which, except for the substitutions 
(cX, b{-1), are internal to S". It follows that R” and W™” have a 
common subdivision which, except for the substitutions (c}, b{-), 
leaves U" and V” unaltered.f Since / is a self-linking circuit of the 
first type in R, it follows that L”— is a self-linking circuit of the first 
type in W”, L* being the circuit on (R’) corresponding to Z on (R). 
Therefore any longitudinal circuit in W”-! is a self-linking circuit 
of the first type in W”. It follows from induction on k that any 
self-linking circuit of the kth type in W”~ is a self-linking circuit of 
the (k+1)th type in W”. From induction on p it follows that any 
self-linking circuit of the kth type in W™ is a self-linking circuit of 
the (k+p)th type in W"+”, In particular, / is a self-linking circuit of 
the nth type in W”. 

If W were a formal 3-cell, some subdivision of 1 would be contained 
in an element which would itself be contained in a subdivision of 
W” for some value of x. This would contradict the fact that / is a 
self-linking circuit in W". Therefore W is not a formal 3-cell. 

4. Leaving aside the question whether or no all the spaces defined 
by the methods of § 3 are equivalent, we shall show that one of them 
has a semilinear map in a semilinear 3-sphere.{ 

By an unknotted ring R, in a 3-sphere H, we shall mean one such 
that H—R is a ring. With a suitable covering it is clear that the 
neighbourhood of an unknotted circuit is an unknotted ring. 

Let R be an unknotted ring in a 3-sphere H, which we take to be 
a rectilinear simplicial complex in Euclidean N-space (N > 3). Let 
s be an unknotted, self-linking circuit of the first type in R (cf. the 
diagram in § 2), and let W be the manifold defined by means of R, 
s and the construction given in § 3. We shall take W to be a recti- 
linear complex in Hilbert space, with the symbol given in § 3. Since s 
is unknotted, H — S is a ring, and we assume the congruence (R) = (8) 
of § 3 to be such that meridian circuits of R and H— R correspond to 
meridians of S and H —S, respectively. 

Let 7” be an unknotted ring in H, and let W” be mapped semi- 
linearly on H—7T™ in such a way that the image in the congruence 
(R) = (W”) of a meridian on H—R is mapped on a meridian of 
T”. Then the initial congruence (R) = (S) determines a semilinear 
mapping (S) > (7), such that a meridian of H—S corresponds to 


+ J. H.C. Whitehead, Proc. Cambridge Phil. Soc. loc. cit. 
t Cf. J. H. C. Whitehead, Proc. National Ac. of Sci., 21 (1935), 364-6. 
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a meridian of 7”. From Lemma 5 it follows that H—S can be mapped 
semilinearly on 7 in such a way that the transformation H—S > T” 
coincides with (S)-—> (7) on (S). Let 7+! be the image of H—R 
in H—S +> T”. Then 7"— T+" is the image of R—S, and W"+1— W” 
is mapped semilinearly on 7’"— 7+! in such a way that the trans- 
formations 

W" > H—T", Wri_ wr > T—T 

can be united to form a semilinear transformation 


Wt +> H—-T"+, 
Moreover a meridian of H—R, and therefore the corresponding 
circuit of W"+!, is mapped on a meridian of 7'"*?. 
If 7° = H—R, an infinite sequence of rings 7°, 7",... (7" c T+) 
is defined inductively, and W is mapped semilinearly on H—X, 
where X is the set of points common to 7", 7",.... 














J THE SURFACE OF AN ELLIPSOID 
By G. N. WATSON (Birmingham) 
[Received 26 June 1935] 

So far as I know, it has never hitherto been noticed that the surface 
of an ellipsoid, gua function of the semi-axes, is a solution of a partial 
differential equation of the first order of Lagrange’s linear type in 
which the coefficients are rational functions of the semi-axes. I en- 
countered this differential equation quite naturally when endeavour- 
ing to solve the problem of determining the ellipsoidal conductor of 
given surface and maximum or minimum capacity. 

The result seems to me to be of sufficient interest to justify its 
being put on record, and I give two proofs of it in this paper. 
Although the analysis in the first proof is unsymmetrical, it is the 
method by which I constructed the equation and it seems to be a 
more natural method of approaching the equation than the sym- 
metrical verification which constitutes my second proof. 

I conclude the paper by constructing a general integral of the 
partial differential equation in question. 

1. Leta, b,c be the semi-axes of the ellipsoid arranged in descending 
order of magnitude. Let k and k’ be the positive numbers such that 
a?(b?—c?) p2 c?(a?— b?) 

- B(a®@—e?)’ Y  ~ §8(@2—e2)’ 


and let y be the positive acute angle such that 


9 


c=a@ COS y, 


a COS y 
s é b= 5 . 
o that b + J —Bsin®y) 
Also let* A(9,k) = +.,/(1—F*sin?@), 
Y y 
Ely, k) = [ ae k)d0,  -Fly,k) = | oe 
“AY, ; 9 ; Y> ™ | A(O, k)’ 
0 0 


Then Legendre’s formula for the surface of an ellipsoid is 


n 


ona? 
‘ , 27a-cot 5 
S = 27a*cos*y + YOR 


A(y, k) 
* This is Legendre’s original notation. It is now usual to write E(u, k) for 
what was formerly called E(am u, k). 
+ A. M. Legendre, Ezercices de calcul intégral, 1 (1811), 182-94; Traité des 
fonctions elliptiques, 1 (1825), 350-60. 


(y, k)sin?y+ F(y, k)cos*y}. 
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At this stage I remark that the well-known formulae 
dK y,k 
AnD) _ By, k)\—Fly,®), 
OF(y,k) Ey, k) k*sin y cos :: 
p— oo? —F 
—s k? (y, k)— F?A(y,) ”’ 


OE (y,k) _ aF(y,k) 1 
oy 


k 


= A(y,k), ' 
siti éy Aly) 


~ make it possible to express not only S but also éS/ék and @S/éy as 
linear combinations of the incomplete elliptic integrals E(y,k) and 
F(y,k). The possibility of eliminating the two elliptic integrals from 
these three formulae is the source of the partial differential equation 
which will ultimately emerge. 

After this digression we proceed with the investigation. Write for 


brevity Ky, k)sin?y+ Fly, k ‘)cos*y _~@e 
sin y ; 
so that S = 2nc?+2nabO. 





We then have immediately 


eOsiny 4... 5 _ , ~ Aly. bk) 
= 2sin y cos y{ E(y, k)— Fly, k)} + A(y, k) 


1—F*sinty 


at 


pany _ sint{ By, k)—Fly,k)}+ 


ak 
Qs } ms a ,) — Main ycosy) 
om "|e? (y, kA(y, k) 


where y and k are regarded as the independent variables. 

The result of eliminating the incomplete elliptic integrals from the 
three equations containing © and its differential coefficients is easily 
seen to be 

k’?-+ k®costy 0@ sin y = 


. 
k°O ce J 23in y— 
myer 2sinycosy dy ” Ok 


__ Rsinycos*y | (1—K*sin*y)(k? +k costy) 


Aly, k) 2sin y cosy A(y, k) 





that is to say, 
k’*+ k*costy k’?+- kcos*ty 00 00 
dite, : —gtesniiaenk~ = <n Gee 
(« Bass 8 2sin2y “\e 2sinycosy dy ok 
_ Reos*y , (1—K*sinty)(k k’* + k®cos*y) 
~ Aly, k) 2sin*ycosyA(y,k)  * 
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W. 


e now change the independent variables from y, k to b, c. Since 


é 0b 0 . & @ é ab a 


dy by @b' dyéc’ — 0k Oe OH’ 
we have 
é ak”siny @ é 


cei @ _ aksin*ycosy @ 
dy A%(y,k) a "oe = k—S*«M Ly, A) 
so that 


pt Reoty 2 _ san 
ok 


2sinycosy dy 


a(k’2+-k?cos*y) 0@ = ak’?(1— k*sin*y) 00 
2 cos y ée = 2cosyA®(y,k) ab’ 
and therefore © satisfies the partial differential equation 


1—Ksinty,. _ak’(1—Ksinty) 00 __a(k’*+cos*y) 00 
2 sin*y 2cosy A*(y,k) ob 2 cos y de 
_ Reos*y | (l— k*sinty)(k’? + k?cos*y) 
Aly, k) ° 2 sin*y cos y A(y, k) 
When the coefficients in this equation are expressed in terms of 
b and c, it becomes 


c?(a?-+-b? —c?)@ —b(a? —b?)(a? +b? —c?) ~ —c(a?— 
oo 


2 


— © (96442?) +-a2(a2 +B? —2)(a2— 
ab 


Replacing © by its value in terms of S, we get 


c?(a? +b?—c?) —b(a?—b?)(a? +b? —c?) Ms 
Ib 


so that 


(a? —6? +c?) (a? +6? —c?)S—b(a? 


ope re eae ae 
—c(a?—c? 2 ¢?)_- — 47,a7b?c?. 
oc 
Now S is a homogeneous function of a, b, c, of degree two, and so, 

by Euler’s theorem, 

os os 

b— +c—., 
ob oc 
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When we substitute the expression on the right for 2S, we obtain 
the differential equation in a symmetrical form, namely, 
a(at— 02+ ot)(a2 4-622) 5 4 0468 —e8 4 a2y(b2 +002) 
$olet—at-+ b2(2 ator) 28 = 87a*b*c?. 


For brevity we shall write 
a(a*—b? +-c*)(a* +-6?—c*) = f(a; b,c), 
so that the - aie Fae assumes the form 


f(a;6, De 2+ fb: c a) +See a 10) = 87a*b?c*, 
ice. 2 fate = 87a?b?c?. 


2. Now that the differential equation satisfied by the surface of 
an ellipsoid has actually been constructed in the direct but unsym- 
metrical manner which has just been given, it is possible to fabricate 
a verification of the result in which the working is symmetrical as 
regards the semi-axes. 

An expression for the surface of an ellipsoid is 





9 9 r 1 dA 
ee } (> a) VATA +A +A) 
0 a,0,€ 


This manifestly symmetrical formula is due to Edwards*; it is easily 
deducible from the formula involving Weierstrassian elliptic func- 
tions given by Tannery and Molk.t 

It is merely a matter of somewhat tedious algebra to verify that 


(> fla;b,e) x) ( ry aa) ETN 


a,b,c 





is equal to 
a 2a2b2c2VA B.C 
a eT sac ait eatat 


where the constants A, B, C, c,, c, are given by the formulae 
= ¢. 62252 
Cy 2 x. 
A= —(@—-B+e)(e+b—e), 


* J. Edwards, The Integral Calculus, 1 (1921), 842-3. 
+ J. Tannery et J. Molk, Théorie des fonctions elliptiques, 4 (1902), 170-2. 
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with corresponding values for B and C. Hence 


os 
> fas, — 


a,b,c 
x 


— Ira%hc? a vA re » f(a;b,c) 
oer lal Tee met? > (2 at 





0 
= 87a*b?c?, 
and this completes the verification. 

3. Finally we construct a general integral of the partial differential 
equation be 
> a(a?—b?+-c*)(a?+b?—c?) — = 8xa*b?c’, 


a,b,c oa 


of which a particular solution is now known to be 
= 8, 
Put z—S = w so that 


¥ fla;b, 0) = 0. 


w 
a,b,e oa 


Lagrange’s rule for obtaining a general integral of an equation of 
this linear type requires the construction of two independent in- 
tegrals of the subsidiary system of ordinary differential equations 


da db de 


f(a; 6,¢) ~~ f(b; c, a) (ce; a,b) 
in the forms %, = %, Ue = Og, 
where u,, Ww, are definite functions (i.e. functions involving no arbi- 
trary elements) of some or all of a, b, c, while a, a, are the constants 
of integration. A general integral of the partial differential equation 





is then w = D(u,, Us), 


where ® denotes an arbitrary function of the functions u,, Up. 

To obtain the two integrals of the subsidiary system we naturally 
change the variables from a, b, c to a, y, k (where y and k have the 
meanings previously assigned to them); it is found without difficulty 
that the subsidiary system is equivalent to the pair of simultaneous 
ordinary differential equations 

es ee : se + tan y dy, 
a 1—k*sin? 


—2kk’sin y cosy dy = (k’?+-kcosty) dk. 
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The second of these equations does not involve a; it is an equation 
of Riccati’s type to determine cos*y = é in terms of k. We accord- 
ingly make the standard substitution 

- k’ dlog f 
= cory = —- ——- > 
ah. k dk 
and we find that ¢ satisfies the equation 
d? +! “1 
kf = 0. 

If K and E denote the complete ae integrals with modulus k, 
while K’ and £’ denote the corresponding integrals with the com- 
plementary modulus k’, two independent integrals of the equation 
for C are E’ K—E 
and so the general solution of the Riccati equation is 

cosy = — ay H—(K’— KE’) 
ve” ~~ adh —2)—P’ 
where «a, is the constant of integration. This solution may also be 
written in the form 


kee — (14+) Se 


K cos*y-+ E sin?y Poe 


Now that this integral has been obtained, the simplest way of 
constructing the other integral which is required is to substitute 
for y in terms of k and «a, on the right in the equation 


oe 2tany dy = ay , 
a 1—k*sin*y 
so that we have an equation involving two variables only (namely, 
a’cosy and k), and, after this equation has been integrated, to sub- 
stitute back for a, in terms of y and k in order to obtain an equation 
involving one constant of integration only. 
When the first of these substitutions has been effected, the vari- 
ables are separated and we merely have to evaluate 


2coty dy ‘i k’2 +4 Kg? dk, 
1—k*sin*y kk’?(1—£)(k’?+k*) 


where € is supposed to be expressed in terms of k and a. 
Now 
k?+Re oS 
~ RRL ER?) RR kK — 8) (R28) 
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and, if we write at—K’ = 0, 
a, (kK —E)+(k?K’—E)=¢ 
for brevity, it is easy to verify that 
1 a (K—E)—E’ 


ia" 
,dlog@ 
= kK" 8", 
dk 
1 < ao(K — H)— KE’ 
k’?2+ hE a(k’2K — H)+k2K'— KE’ 
me dlog¢ 
. dk ~ 
Hence we have 
4da dé dd 
— — Zty l —+—, 
an y dy r + $ 


and so the required integral is obtained in the form 
iratcos*y = a3 04, 
where a, is the constant of integration; the object of inserting the 
factor 47? will be seen in a moment. 
When we write out the product 6¢ in full in terms of k and a,, and 
then substitute for a, in terms of y and k, we easily find that 
sin?y(1—k*sin®y)(H#K'+ E’K—KK’')? 
Od r 9 1 72 @ 9 a 
(K cos*y-+- E sin*y)? 











17*sin?y(1—k*sin?y) 
 (K cos*y-+ E sin*y)? 
42°a*c?(a?—c?) 
- b*{c2.K + (a2—c?) E}”’ 
the second step following from Legendre’s relation. The second 
integral of the subsidiary system is therefore 
b{c2.K + (a?—c?) B} 
M2 2 am Og. 
\(a*—c*) 
Lagrange’s rule now asserts that a general integral of the partial 
& ge 
differential equation 
a eo ee aa. ee ee 
2 a(a*—b*-+-¢8)(a* +b? —c*) = 87a*b*c* 
Ca 


a,b,c 


is 2—S = D(u,, us), 
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where ® denotes an arbitrary function of its two variables, these 
variables being defined by the formulae 

a a? K’ —(a?—c*) E’ 
t @K+(a2—e)E’ 
_ b{e?K+-(a®?—c?) EB} 
U2 = Va@—e) ’ 
and S denotes the surface of the ellipsoid with semi-axes a, b, c; 
further, K and E are the complete elliptic integrals with modulus 


k a Jie 
~ ee) 


and K’ and £’ are the complete elliptic integrals with the comple- 
mentary modulus (a2 —B?) 


‘_ 





b2(a?—c?) 
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HYPERGEOMETRIC PARTIAL DIFFERENTIAL 


EQUATIONS (I) 
By T. W. CHAUNDY (Ozford) 
[Received 16 June 1935] 
1. Introduction 
Partial differential equations of the type 
IT £64 = (TT 29) TT 9-(8,)Z, (1) 


where 5, = 2,@/0x,, and f,, g, are polynomials with constant coeffi- 


cients, are the natural extension, to a field of n independent variables 


x,, of the ordinary differential equations 
L8)y = xg(8)y. (2) 
These latter equations (2) are often known as ‘hypergeometric 
differential equations’ (in the wider sense),* and it seems not im- 
proper to extend the term to the partial equations (1). : 
For present purposes I impose certain restrictions on the generality 


Rievexan ties 


of (1). In the first place I exclude any case a, = 0, leaving it to be 
deduced as a limit a, 0. We can then, by change of independent 
variable, reduce (1) to the simpler form 


IT £-6,)2 = (%.--%,) TT 9-(8,)Z (3) 
in which every a, is now unity. I exclude too the case in which any 
f,(6,) has equal roots or roots differing by an integer. This corre- 
sponds to the case of a ‘logarithmic’ solution of an ordinary hyper- 
geometric equation. t 

Now let p,, q, denote the orders of the operators f,(5,), g,(5,), ie. 
the degrees of the polynomials f,(¢), g,(t); then, if every p, > q, (or 
equivalently every g, > p,), I shall say that the equation (1) or (3) is 
of hyperbolic type: if, alternatively, some p, > q,, while another 
ds > Ps, 80 that the operators of predominating order in the several 
independent variables are not all on the same side of the equation, 
then I shall say that the equation is of parabolic type. These are 
reasonable (if unorthodox) entensions from the fundamental hyper- 
bolic equation 27, 

—— =Z, i.e. 35’Z = zyZ, (4) 
Oudy 

* T have discussed them at some length under this title in my Differential 

Calculus (Oxford, 1935), 421-34. + Chaundy, loc. cit., 427-34. 
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and the fundamental parabolic equation 


f®Z oe. 
=> ce. 1 = gty-19’ 5 
aa? = Dy’ ie. 8(6—1)Z = a*y-18’Z, (5) 
where 5, 8’ = 2@/éx, yo/éy. I exclude parabolic equations from this 
investigation and consider only equations of ‘hyperbolic’ type. 
For simplicity I begin with the equation in two independent 


ais f(S)F(8)Z = xy g(8)G(8')Z. (6) 
If p, q, P, Q are the degrees of f, g, F, G, we have in the hyperbolic 
case, which we are now considering, p > q, P > Q. Moreover, we 
may sufficiently suppose that the leading coefficients in these four 


polynomials are all unity. 
I follow in essentials the procedure introduced by Riemann for the 


hyperbolic equations of the second order.* Associating the given 
equation AZ = 0 (say) with its adjoint A’Z = 0, we first seek the 
fundamental solution U(x,y; X, Y) such that 
(i) for x,y constant, U is a solution of AZ = 0 in variables X, Y; 
(ii) for X,Y constant, U is a solution of A’Z = 0 in variables 
- Y; 
(iii) on each of the ‘lines’ x = X, y= Y, U reduces to a constant 
independent of x,y, X, Y, which we may take to be unity. 
By the defining property of the adjoint operator we can write, 
for some a, f, 2a 


Gu , B _ yag—ZA'v. 
Ox oy 


The right-hand side vanishes, if Z, U are respectively solutions of 
AZ = 0, A'U = 0. Thus, by Stokes’s theorem 


| (xdy—Bdz) = 0, 


taken round any simple closed curve. We take the characteristics 
x = X, y= Y as part of this curve, completing it either (i) by a 
second pair of characteristics drawn through an arbitrary point, say 
the characteristics x = 0, y = 0 through the origin, or (ii) by the 
are of a given curve C cut off between «x = X, y= Y. In (i) we 


* See, for instance, Darboux, La Théorie générale des surfaces, 2 (Paris, 
1915), 71-111, chap. IV, or Goursat, Cours d’analyse mathématique, 3 (Paris, 
1915), 147-58. For a discussion of Cauchy’s problem see also Hadamard, 
Lectures on Cauchy’s Problem (Yale, 1923), Book I. 

3695-6 U 








290 T. W. CHAUNDY 
get the general solution of AZ (in variables X, Y) in the form 
x ¥ 


4(X,Y) = [ Z,(x,0)U(x,0; X, ¥) dx + { Z,(0,y)U(0,y; X, ¥) dy + 
7 0 


+2Z(0,0)U(0, 0; X, Y). 


We may regard this as giving the ‘general’ solution in terms of two 
arbitrary functions 


and one arbitrary constant C = Z(0, ng or, ae aa in terms of 
the values of Z(x, y) and certain of its derivatives along the selected 
characteristics x = 0, y = 0. In the language of ‘Cauchy’s problem’ 
we say that the ‘data’ are borne by these characteristics. In (ii) the 
data of the problem are borne, more generally, by the prescribed 
curve C. 


2. The fundamental solution 

Now we can form particular solutions of (6) in power-series in the 
way that we form the standard series-solutions of (2).* The series 
will proceed by powers of xy, and, for the ascending series, the first 
term must be annihilated by the ‘indicial’ operator f(5)F(8’). Thus, 
if a, A are typical zeros of f, F respectively, typical leading terms will 
be aty4+*, at+'y4, where h, k are arbitrary. The series led by a*y4+** 
is found to be 


n—1 
» |] g(a+t)G(A+k-+t) 
S Jn 0 gitnyA +k + ne (7) 


n= |] f(at+t)F(A+k+42) 
t=1 
Out of these elementary solutions can be constructed, as we shall see, 
the more elaborate solution 
U(x,y; X, Y) : 
To a—r+t)G(A— w+e.. 


SEG) Oy 55 ee earns 


0R=0 IT’ ft —r-+t \F(A—R-+t) (8) 


Here the summations in a, A are taken over all zeros of f, F; in TT’ the 
zero factors f(a), F(A) are to be replaced by f’(a), F’(A); and X, Y are 
arbitrary parameters independent of x, y 


* Chaundy, loc. cit., 423 (48). 
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To show that, (8) is actually a solution of (6) pick out an element 
of the four subsidiary summations with fixed a, A,r, R, namely 


TT g(a—r+t)G(A—R-+1) 
Xr-a yR-A 3 ‘0 ger t+ayn—-R+ A, (9) 
Ils f(a—r+t)F(A—R+4) 





The summation begins at n = max(r, R). It is sufficient to suppose 
r > R, setting r= R+k,n =r-+n’. Then we may rewrite (9), after 
removing a factor independent of x, y, as 


which is just a Thus (8) is a solution of (6) involving the two 
arbitrary parameters X, Y. 

We now consider its value when x = X or, more generally, the 
value of 5"U where m is a positive integer or zero. If we perform 
the differentiation 5” and the substitution « = X and retain, in the 
summand of (8), only such factors as contain a, we get 


5 He (a+t)G(A+k+1) 


geatn yArkin , 





II fa+r(A+k+t) 


= (a+n— ty ga—r+t)/ TT (f(a—r+4), 


which is the coefficient of (;-—a-+r)-! in the expansion, in partial 


fractions, of —" 2 
(r-+m)" TT (r+)/ TT flr+0). 


We have supposed f, g to be of respective degrees p,q and their 
leading coefficients to be unity. Thus 
n 
a= >So, 
_ ar=0 


is the coefficient of 7+Y?-1 in 
(7-++-n)™ Tg g(7+4), 


in which the leading term is 7”+"4, 


Hence a=0 (m<p—l), ifp>qandn>0; 


a=0 (m=p—}), ifp>qandn>0; 
a=1 (m=p-—l), ifp=q or n=0. 
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Hence, returning to the full summand in U, we see that on x = X 
(i) e*U = 0 (m < p—1); (11) 
(ii) if p > q, 


p-1lT — y\4 |» ; 
PU = > (F) |r (A), (12) 


all the terms after the first disappearing in the infinite summation: 
but every A is a zero of F and we get at once from (12) that 
[ F(8’)8?1U] _ = Q (p> q); (13) 
(iii) if p = q, 
tI G(A— R+4) 


62-10 = Pe: > (F JS -X"y n—-RY R 
é 0 11’ F(A—R+1) 


“ a To (A— R-++t) 


(Xy)"-R(XY), (14 
-> dle 25 I’ F(A—R+41) 2 


Now this is a series exactly similar to (8) but in fewer variables: x, X 
are absent, and y, Y are replaced by Xy,X Y. But we have shown 
that (8) is a solution of (6), and so, similarly, (14) is a solution of 
{F(8’)—Xy G(8’)}Z, = 0. 
In other words, we have 
[{F(8’)—ayG(s’)}se 10] = 0 (p = q). (15) 

There are evidently analogous results regarding the behaviour of 
U and its derivatives on y = Y. 

Finally, at the intersection of x = X, y = Y, we have from (11), 


ifp>4q, [8°18'PU],, = } AP F"(A) = 1, 
Zz ~ 


as we see by considering the expansion in partial fractions of t?-1/ F(t) 
More generally, from symmetry in 4, 8’, 


[8°18’"P 10) ey = 1 (p>q or P>Q). (29) 


Now, if both p = q, P = Q, we have by (14), 


n—1 
= n [] G(A—R+4) 
[89-4810], . v) o > p 7 a+o—sr™ s (x¥). 
ioannd “7 RO T]’ F(A—B+42) 
: i=0 





n=0 
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But, in analogy with (10), we have for all n 


TI (4— R+1) 
grr RP =]. 
4 R=0 Il’ F(A—R++) 
t=0 





Thus [s°-18'P10]},. ) = S (XY) = (1-XY), 
va n=0 
provided that |X Y| < 1. 


3. Relation with the adjoint 

In forming the adjoint of (6) I take 5,5’ as the fundamental 
——a instead of * iti The adjoint equation is then 

= {f(—8)F(—8)—g(—8)G(—3’)ay}U = 0, 

i.e. prin _ Ke = xryg(—8—1)G(—8’—1)U. (18) 
So far, U(x,y; X, Y) has been discussed as a solution of the original 
equation (6), i.e. of AZ = 0. We shall now see that, if we interchange 
the pairs of arguments, U(X, Y; x,y) in variables (x,y) is a solution 
of the adjoint equation (18). If in (8) we make this interchange and 
at the same time reverse the orders of the summations in r, R and 
of the products in t, we get 
U(X, Y; x,y) 


1 


. 9( (a—1+r—1)(A—1+R-1) 


_N z\9\4 > SS es i 
>>>4) (5) pe 3 ' fa-tr—t)F(A+R—1) ‘i 


i=0 
x Xr YRyn-+y*-k 


ES n a—r+t)G(—A—R-++) 


>E3) WS 3 a ee 


a 
n=0 





x ze—ty"-RXr Y®, 
if we write f(—z) = f(z), g(—1—z) = g(z), and so for F, G. 
Thus U(X, Y; x,y) stands to the adjoint equation 
F(8)F(8')Z = ay G(8)G(8')Z 
in the same relation as U(x, y; X, Y) stands to the primitive equation 
£(8)g(8')Z = xy g(8)G(8')Z. 
I write henceforth U = U(X, Y;2,y). Then U is a solution of the 
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adjoint equation (18); and the properties of U(x,y; X, Y) given in 
(11), (13), (15)-(17) of the preceding section lead to the following 


properties of U on a = X: 
5"U = 0 (m < p—1), (19) 


F(—38’')s?1U = 0 (p > q), (20) 

{F(—8’)—ayG(—8’—1)}8?1U = 0 (p = q). (21) 

There are analogous properties on y = Y; and finally, at the inter- 
section z = X,y = Y, 


(—8)?-1(—8’)P1U = 1 (p>q or P>Q), (22) 
or =(I-XY)4 (p=q;P=Q). —(23) 


To exhibit concisely the characteristic adjoint identity it is con- 
venient to denote by f,(z) the quotient when f(z) is divided by 
2" (r = 0,1,...,p), so that, in particular, f,(z) = f(z) and f,(z) = 1; 
and similarly for g,F,G. Thus f,(z)—zf,,,(z) is the coefficient of 
z" in f(z), and we deduce at once the identity 


85 (—8)V foas(8)W = V.f(s)W—f(—8)V.W, (24) 
r=0 


where V, W are any suitable operands, and the full point (.) delimits 
the action of operators affecting V. Write also 


Ret T , 3 , 
Voy = 3 (BU Seal FOIE F(—BeVT -ten(BVOOIZ 

ig = (25 

x . P , 4\ 7 g . , "i , 
Py) = 2 I-86 PU. Fria(6 1o— 2% A—EK—8 PayU . Gig.4(8')Z 
with two similar formulae obtained by interchange of x,y; and 
further 


p-1 P-1 
D,,.,) = 2, fi (BO »Sr41(8) Fria (8')Z— 
q} O=1 ‘\S T , 
— 5 5 (—I(—8)8xyT- Gorrl8)Gsuxl8VZ, (26) 
where evidently D,,,) = Diya) 


Application of (24) to (26) gives in terms of (25) 


5D, _ Dy)2-—O xy; (27) 
and by use of (24) and its analogue in 8’ we get again 
8D.) +894, = UAZ—ZA'U = 0, (28) 


if U, Z satisfy respectively the adjoint equation and its primitive. 
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This last is the characteristic adjoint identity. I prefer, however, to 
employ it in the more symmetrical form 

88’D,,,)—5Q,.),—5' D,, = 0, (29) 
which is readily deducible from (27), (28). 
Now consider the value of ®,,, on x = X. By (19) it reduces to 
ZF(—8')(—8?"U (p>), 
or Z{ F(—38’)—ayG(—8’—1)}(—8)?1U (p = q). 
In either case then, by (20), (21), ®,,) vanishes on x = X, and so, 
from the analogue of (27), 
DQ», = 5O,,) on x= X. (30) 
Again, at x = X, y = Y, by (19) and its analogue, 
Oey = 2(—8P-(—3' P40 (p > q or P > Q), 
or = Z(1—XY)(—8)»-(—8’)P4U (p=q; P= Q). 
Hence in either case, by (22), (23), 
®%y=2Z at t=X, y=. (31) 
4. The general solution 

To obtain the general solution I replace the appeal to Stokes’s 
theorem by a modified form of procedure, although the underlying 
analysis is, of course, essentially the same. If we integrate the 
adjoint identity (29) over the rectangle with opposite vertices at 
(X, Y) and hi »), where (€, " is some suitable i we get 


ie duly 535’D,,., = i] del (xy + i] wet, 


g 
m dx Y 
= -{¢ — [Py] et +e [we], . 


Thus, by (30) and te snalaiies, 


‘d 
: “(© Dyr],- ce [Mwy], =€ 


1 dad P 
oe - Fo a + iE: ct [8 ®y],- —— he: Y 85D), (xy) 


= = [Oey tm? 08 vecthiibaiiis the ieancanille 
” 


= Z(X, Y)—[®ey],-¢ by (31). 


y= 
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Hence, finally, 


 g 


. dx di 
Z(X, Y )= [ -[Mwz],,— a | - [PwyI,— et [Peul. 
é 7 
If we substitute for the ®’s from (25), (26), we have here the general 


solution of (6). It is, however, slightly better to rewrite 


q—1 
—8)U . 8 F(8')Z—ay ¥ g,.4(—8)U . 8G(8')Z, (33) 
s=0 


=) 2 Sra(—3)Frva(—8 0. 55'*#Z— 
r= t 
q—1Q-1 
—ry"S ¥ gex(—3—1)Gs43(—8'—1)U. B8SZ, (34) 
s=0 S=0 
with an analogous expression for ®,,,,. 
Thus, at - length, (32) may be written 


Z(X,Y) = =I \" > Fen s(—8,) U(X, Y; a, 9) .f(8)5," Z(x, n)— 
—27 bi Gs4a(—8,—1)U(X, ¥; 2, 9).9(8)8;8 Za, 9)|—=+ 
+ FS sal —8,)U(X, ¥; £,y). F(S)8¢ Z(E,y)— 


—ty S Gora(—8e— U(X, Y; €,y).G(8’)83 Z(é, y) \t4. 


p-1P-1 


+°S YS fess —3g)Freva(—3;)U(X, Y; &,n).828)8 Z(E, 9)— 


r=0 R=0 
q-1 @-1 
—£n 2, eS )G,41(—8,—1)U(X, Y; &, ) 888,85 Z(E, 0). 
‘es (35) 
Here (£,) is some conveniently-chosen origin, 5¢, 5; denote, of course, 
6/0€, 0/én, and X, Y are now current coordinates. With these con- 
ventions we may say that 

in coordinates (X,Y), the formula (35) gives the general solution of 

the hypergeometric partial differential equation of hyperbolic type 
L8)F(8)Z = ayg(8)G8)Z (p2>q;:P>Q). 

If we are looking for the general solution in terms of arbitrary 
functions, then (33) gives it in terms of the p+ P distinct arbitrary 
functions 

8, Z(x,n) (R= 0,1,...,P—1), SeZ(E,y) (r= 0,1,....p—]), 
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equal in number, as we should expect, to the order p+P of the 
differential equation. The solution also involves the pP arbitrary 
constants 

825,” Z(E, n) (r = 0,1,...,.p—1; R = 0,1,..., P—1), 
which may be distinct (or not) from special values of the arbitrary 
functions. 

We may also regard (33) as giving the solution of ‘Cauchy’s 
problem’, the data being borne by the characteristics x = £, y = 7: 
in this case the data are the values on x = é of 

¥F(s')Z (r= 0,1,...,p—1), &#G(8')Z  (s = 0,1,...,g—1) 
and the values on y = 7 of 

SFf(5)Z (R= 0,1,..., P—1), 8’59(8)Z (S = 0,1,,..., Q—1). 
More generally, if the data are borne by a simple curve C, we now 
take (X,»), (€, Y) to be the points in which this curve is cut by the 
characteristics x = X, y= Y. We shall then obtain the solution of 
Cauchy’s problem for the given curve C in the form 

Z(X,Y)= LPavkx pt Haw, _— 
if? dx dy 
5 J (O20) — Oy t+Opa) Zl, (86) 
(X,) 
where the integration is taken along the base curve C, and the ®’s 
have the meanings assigned in (25), (26), or equivalently in (33), (34) 
To prove this we write the adjoint identity (28) in the symmetrical 


—_ (Dp) +P yay) +8’ (Pxyt+Pwz) = 9 
and apply Stokes’s theorem to the function on the left over the area 
bounded by the characteristics 2 = X, y = Y and the basic curve C. 
Since the integrand is everywhere zero in the area, the integral along 
the boundary also vanishes, and we get 

(€,¥) 

[ (299+ ine) = — @eoy + Oye) 
(X,) 


Y x 
d d. 
= | 9p (Pad + Piper xt | [Pet Py] r 
7] g 


7 


x 
dY -s, dx 
| ye ®ey),-x+ | = Penly-r» 
7 g 
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by (27), (30) and their analogues 


= APevlx vy ie [Penh x. [Pale yy 


which proves the theorem. 


5. Range of the solution 


We now consider how much is covered by the ‘general’ solution 
just obtained. We begin by examining the region of convergence 
of the fundamental solution (8), which we may write in the form 


U(z,y; X,Y) = 2 p3 BED Un Un» (37) 


n= 
i g(a+t—r) 
where u, = abba (38) 


TT i 1+t—r) 


and v, is the analogous expression in y, Y. Splitting f,g into their 
linear factors, say 





p qd. 
f(z) = I (z—a;), — g(2) = 26>), 
i= ad 
we have q n-1 
n i pet—-1—a pee" 
ie — 1 ae (39) 
r=0 (—)rr! er ~ [J] (@+t—r—a,) 
i=0 i=0 


where J[’ in the denominator omits factors in which a; = a, these 
factors combining to give the numerical factor (—)’r! (n—r)!. 

Now we have expressly excluded the case in which any a—q; is an 
integer or zero; so too in the numerator we can exclude any case in 
which a—b, is an integer or zero, for this gives ultimately a zero 
factor and so a vanishing product. We may therefore reduce con- 
sideration of u,, to consideration of the types of product 


TLA+t—r) or [[A+t—r) (0<r<n) 
t=0 t=0 


where A is not an integer (or zero). Now 





t=0 


TI Q+t—r) = (—yr!(n—r)! I] (1-3) [1 (+3) 


s=1 
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and, by Euler’s definition of the gamma-function* 


(W+41)-# i] (144) + 1u0() (N+ 0). 
s=1 


The expansion on the left is therefore bounded for fixed » not an 
integer (or zero), and we may write 
N 
Il (1+-4) ~ C(N+1), 
s=1 


where C’, depends on y only. Hence, from (40), we may write 


TI A+t—r| ~ Cyr! (n—r)! (r+1)->(n—r+1)-, 
i=0 


and, by the insertion of an additional factor, 
II lA+t—r| ~ Chr! (n—r)! (r+1)-~(n—r+1). 


i=0 
Putting these results in (39) we get 


Jy < CS fr! (m—r)}2-9(7-+1)-Mn—r + 1-08, 


where = max(|z], |X), h = > (a,;—4,), 
and C depends only on the constants of the equation. Now 
r!(n—r)! > ([4n]!)?, and (n—r+1)/(r+1), being monotonic in r, lies 
between its extreme values n+1, (n+1)-?. Thus, taking a wide 
inequality, we have 

|p| < C([4n}!)-°P-O(m + 1)", 
with, of course, a similar inequality for v,. Hence, if p >q or 
P > Q, the series U converges for all x, y, X, Y. 

But, if p = q and P = Q, the preceding inequality gives conver- 
gence only if #7 < 1, where 7 = max(|y|,|Y|). Closer examination 
and preciser conditions might give convergence right on the boundary 
7 = 1, as with the ordinary hypergeometric series, but I shall not 
now stop to consider this limiting case. If, then, we draw the pair 
of conjugate hyperbolas xy = +1, there is certainly convergence if 
the four points (x,y), (X, Y), (X,y), (x, Y) be within the cruciform 
region bounded by the two hyperbolas, i.e. if the rectangle having 
sides parallel to the axes and opposite vertices at (x,y), (X, Y) lies 
entirely within the cruciform area. 


* See, for instance, Whittaker and Watson, Modern Analysis (Cambridge, 
1920), 237, § 12.11. 
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If now in the general solution (35) we take (£,7) at the origin of 
coordinates, these conditions of convergence are satisfied so long as 
|X Y| < 1, a condition we have already presumed in (17). Thus (35) 
is valid throughout the interior of the cruciform area, provided only 
that U(X, Y; x,y) exists at x = 0, y = 0. 

Now U(X, Y; x,y) is expressed as the sum of a finite number of 
ascending series with leading terms x~“y~4, and so it exists on the 
axes of coordinates, if every a, A, i.e. every zero of f, F, is negative. 
But the substitution Z = x’y*Z’ subtracts h,k from every zero of 
f, F respectively and so enables us to smooth out any difficulties 
along the axes. Actually the difficulty is a formal one: the possible 
singularities of U on the axes are at worst ‘accidental singularities’, 
being poles of orders (a,b), etc., and it will be found that these are 
matched by corresponding zeros in Z. The point requires more 
elucidation than can be afforded here, but we are at least justified 
in saying that (35) provides a general solution valid throughout the 
interior of |X Y| <1. The analysis of § 2-4, as examination will 
show, imposes no condition on Z other than that of differentiability 
up to orders implied in the differential equation itself, i.e. p in x and 
qin y: we do not need to suppose, for instance, that Z is analytic or 
even that derivatives exist beyond those just stated; but, in the light 
of what has been said above, we must probably add conditions re- 
garding the poles and zeros of Z along the axes. 

It is, of course, to be expected that the hyperbola zy = 1 should 
be a singular curve in the case p = g, P = Q, since then 1—z2y is 
the coefficient of the leading term in the differential equation, the 
conjugate hyperbola being derived, as usual, by reflexion in the 
axes. 

In the quadripartite region |X Y|! > 1 outside these bounding 
hyperbolas we write the differential equation as 


g(8)G(8')Z = (ay) f(8) F(8')Z 


and repeat in descending series the analysis that has so far been based 
solely on ascending series. There is strict analogy with the ascending 
and descending solutions of ordinary hypergeometric equations.* 
This applies, of course, only to the case in which p = gq, P = Q. 
Otherwise, with p > q or P > Q, the ascending series are integral 
functions, and the solution is valid throughout the (X, Y)-plane. 


* See, for instance, Chaundy, loc. cit., 423. 
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We may sum up our conclusions by saying that 

(i) if p >q or P > Q, the solution (35), for arbitrary (€,n), includes 
every solution Z(X, Y) of (6) that is differentiable wp to an order im- 
plied by the differential equation itself, subject to possible restrictions 
on its behaviour along the axes: and it will define this solution throughout 
the plane of (X, Y); 

(ii) if p=q, P = Q, the solution (35), with = 0 = », includes 
every solution Z(X, Y) of (6) that exists in the region |X Y| < 1 and is 
differentiable up to an order implied by the differential equation itself, 
~ subject to possible restrictions on its behaviour along the axes: and there 
is a corresponding general solution, based on descending series, appro- 
priate to the region |X Y| > 1. 


6. Extension to many variables 
The analysis extends without difficulty to the hypergeometric 
partial differential equation in independent variables 


n n 
IT f-6,)2 a II v, 9-(8,)Z, 
r=1 r=1 
where 5, = x,@/éx,. It will be sufficient to note, without proof, the 
crucial points in the analysis for the case n = 3, i.e. for the equation 


Fi(8i)fo(S2)fa(83)Z = 21 X_Xg91(51)92(52)9s(83)Z, (41) 


where f,, g, have orders p,, q, (p, > q,) and leading coefficients unity. 
The fundamental solution is 


U(x, %q, X33 X;, Xo, X3) 


-S(z arene 


=0 Ay, Az, Q3 


n—1 
a TT 91(41—11+)go(42—"2 + )ga(4a—"s +) 
= xX 





x 


it Ory fila —1 +8) fo(Qg—1o +t) fg(43—13 +4) 


x apna rag XE XE Xs, (42) 


where a, is a typical zero of f,. From this, by interchange of z,, X,, 
we derive the solution U = U(X,, X5,X3; x,%2,%3) of the adjoint 
equation A’U = 0. On the ‘special’ characteristics U has the follow- 
ing properties: 
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on the ‘plane’ x, = X,, 
sy U = 0 (m< p, iy fo(—5,)8¢:-1U = 0, ete. (p, > q,), 
{f2(—82)fs(—83) —G2(—82)93(—83)a mpgs =0 (pi = %); 
along the ‘line’ x, = of z= X,, 
{fs(—83)—9s(—83)@y Xp Xg}OP18921U = 0 (py = 943 Po = 4%); 
at the ‘point’ z, = X,, % = X,,% = Xz, 
(—8,)?:-1(—8,)?2-1(—8,)?2-1U = 1 (some p, > q,), 
or = (1—X,X,X,)"!_ (every p, = q,). 


The generalization of the symbols ® may be indicated by defining 


for many variables 


Pg- 1 


%¢»..= , ao -Sa(— 84) — 3g)’. U. fye'( (5g). fy, 


where «...,f...,y... denote any suffixes 1,2,3,... in any order, and 
f{ is now written in place of f,. Then, by lemma (24), 

99D y. OB Dyne = Pox dB Oye — PB oteeBoedyoe * 
Returning to three independent variables we have on the special 
characteristics 


9) = 9 onaz, = X,, Oxy = 9 along xg = Xz, x, = X,, 


y y 
Do) = Z at x, = Xj, v7, = Xq, x = Xs. 
The adjoint identity is now 
Sa apy t Op Papy +5, Papy) = 9, 
or, as I prefer to write it, 
> 8, Dq)23— 3 8, 83 Dio3, +5; 8253 Di03) = & 
both summations being over the suffixes 1, 2, 3. 
Apply to this the triple integration 
XXX 
| | [ ( = “ ee, 
ff é fea 
perform the integrations offered by 5,, etc. in the first summation, 
and in the second write, as we may, 
Tf dxyd fd fa 
[ [Saget = | S2,01 5 + | FO), +1 
£2 €s §s és 
and so forth. 


(€2,&s) 
(X,X;)" 
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We then api after rearrangement, 


x, xX, 
‘dx dx. dx 
2I = e i weal, -¢ + z | a (Pam, -g, 
é, @3=Ss 
a 


oe ~f J oe, 8,8, Pusn+ 


XXX 
é, & & 


re 3 j i= 7, (Pwes—82 P2833 Paar, x, + 


3=X;5 


«fd 
4 > { 7, Penn, -x, = 
é 


But 
D.1)23— 5. Di19)3— 53 D392 se 5. 53 Di193) —Do41) 


= 6,5;9q03) on 2 = Xj; 


and 
Deo31 = 81 P29 +P (23) = 5, Pa23) along x, = Xy, x = Xz. 
big 9 we can write the right-hand side of (43) as 


X, X; 
‘dx, dx, dats dx, dx 
j i “am 818253 Pies) — 2) J za, V2%sPasal,.-x,+ 


+ Zz je —8, Di123)], aN 


a X; 
.X,,X,) 
= [Pasleeg 
on integration and cancellation. Hence, finally, we have 
Z(X1,Xo,X3 ) 
xX, 


‘dx,d ‘d 
“= - [ fe 2 /. Dq)29]), a+ FS je we “[Peml.,-< " Pit abe" 
mane 3 bx. 


2 és im 
(44) 
For the solution of Cauchy’s problem when the data are borne by a 
surface S we integrate some form of the adjoint identity throughout 
the volume bounded by S and the three characteristics 
a, = X, (r = 1,2,3). 
The discussion of the convergence of U and the range of validity 
of the solution in many variables introduces no new difficulties. 











NOTES ON THE THEORY OF SERIES (XIX): 
J A PROBLEM CONCERNING MAJORANTS 
OF FOURIER SERIES 
By G. H. HARDY (Cambridge) and J. E. LITTLEWOOD (Cambridge) 
[Received 25 September 1935] 
1. Statement of the problem 


1.1. Suppose that f(@) is a complex and integrable function of the 
real variable 6, with period 27, and that 


cm = emf) = 5— | S(B)e-m a 
is its typical complex Fourier pincend, so that 
S(f) = Sc, em? (1.1.1) 
is the Fourier series of f(@). We call ix formal series 
> C,,emi0 (1.1.2) 
in which C., > le» | 


a majorant of (1.1.1). If (1.1.2) is itself a Fourier series, say the 
Fourier series S(F') of F(@), then we say that F is a majorant of f; 
and we write 
F>f, f<F, S(F)>S(f), S(f)~« S(P). 
If C. = |c,,! 
for every m, we say that F is the exact majorant of f. 


1.2. We consider relations of inequality between 


“4 1/r 
If) = (:. [ fr ao) , 


o 
— 


where r > 1, and J,(F).f There are special cases in which it is easy 
to establish such relations. 
(a) If r = 2 then 
TAF) = (X leml?)* < (Y Chn)t = J,(F). 
In this case there is equality when F is the exact majorant. 


+ Iff or F is not L’, then J,(f) or J,(/) is to be interpreted as oo. This gloss 
does not affect our results and need not be referred to again. 
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(b) If r = 2k, where k is a positive integer, and J,,(f) < 00, then 
the Fourier series of f* is } c e”®, where 


(k) — 
Cm oe Cm, ©m, °° 
M+M2+...+-m=m 


and I|< CH, = fk¥< F*. 
Hence Jaf) = J2*(f*) < J2*(F*) = Jy,(F) (1.2.1) 
for any majorant F. 

(c) Let r= 1, d = |f|', and let ® be the exact majorant of ¢. 
Then F = ®? is a majorant of f, and for this special majorant 

J(P) = JH®) = JH$) = Jif). 
1.3. In what follows we suppose 
r> tt l< pg 2, q > 2. 


° Cm, ? 


‘ : r 2 
As usual, we write 7 = <5 cas ==], 
Here r may be a p oraq; p’ isaqgandgq’ ap. 
The first suggestion of (1.2.1) is that 
If) < If F) (1.3.1) 
for every g and every majorant F. This is untrue and, since it is the 
falsity of (1.3.1) which first reveals the difficulties of our problem, 
we prove it at once by an example. 
If f(z) = 1+2—a2, 
where a is real and positive, then 
d = ft = 14+-32+2*—c2*+..., 
where c = 1,+-3a, 


for small z. Hence, if z = re“ and r is small,t 


se | We ao = 5 [ ible) do = 1+ tet aet etry... 
2a 2a 


which is greater than it would be if a were replaced by —a. In other 
words, if f(0) = 1—rei—qr3¢3i8 
and F is the exact majorant of f, then 
Is(f) > Js(F) 
for sufficiently small r; and this contradicts (1.2.1). 


+ (c) of § 1.2 contains all we have to say about the case r = 1. 
t This use of r is temporary and will not cause confusion. 


3695-6 x 
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1.4. It remains possible that 


If) < Ag If FP), (1.4.1) 
where A, is a function of g only (and A, = 1 for g = 2, 4, 6,...). 
Whether this is true or not we cannot say, but it is a quite plausible 
conjecture; and the conjecture leads naturally to another. In pro- 
blems of this character there is very usually a ‘skew symmetry’, 
resulting in a reversal of the sign of inequality, about the index 2;f 
and it is natural to suppose that, if (1.4.1) is true, then also 

J,(F) < A,J,(f), (1.4.2) 
not indeed for every majorant F (which is plainly impossible), but 
at any rate for some majorant. 

1.5. Our main theorem here (Theorem 1) contains a partial solu- 
tion of this problem. We cannot prove (1.4.1) or refute it, but we 
can show that (1.4.1) implies (1.4.2). More precisely, the truth of 
(1.4.1), for a particular g (and all majorants F), implies that of 
(1.4.2) for p = q’ (and some majorant F). Since (1.4.1) is true at 


any rate when gq = 2k, we obtain a proof of (1.4.2), which is not 
trivial in any case (apart from p = 2), for p = 4, §, §,.... 


It is instructive to contrast our argument with those ani by other 
writers and by ourselves, in similar problems such as the Young- 
Hausdorff problem or M. Riesz’s problem of conjugate functions.{ In 
all these problems the case p = q = 2 is trivial, and the full proof 
may be divided into three stages. We have to establish two pro- 


P(p), Q(q); 


@ may be (as in Riesz’s problem) of the same form as P, but more 


positions 


usually (as here) it is not. We proceed as follows. 

(a) We prove that Q(q) > P(7’).§ 
This proposition (‘reciprocation’) reduces the problem to the proof 
of Q(q). 

(b) We prove that Q(41)- Q(Ge) > Q(q) 
for g, <q <q. This proposition (‘interpolation’) reduces the proof 

+ For example in the Hausdorff inequalities 

Jy (f) : (Slen|p) ms (Slem q)' ak Jy(f) 
or in our own inequalities involving 
Tlf)o (S| | +1)? 2 |e [Proves one - 

The original model is Hausdorff’ s (Hausdorff, 4). 


§ § 9g’ isa p. Thesymbol —, when standing between propositions, is Hilbert’s 
want of implication. 
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of Q(q) either to a proof of Q(q) in the two extreme cases, g = 2 and 
q = ©, or to its proof for some particular sequence of values of q, 
usually the even integers.{ When the operations or functionals in- 
volved in the problem are linear, ‘interpolation’ may be inferred from 
M. Riesz’s theorem concerning the convexity of linear functionals.§ 

(c) We prove, say, Q(2k), and this generally requires some special 
trick. It is here that the individuality of the problem is likely to 
declare itself most clearly, the other stages of the proof being usually 
effected by appeals to general theorems or arguments now of 
standardized types. 

This is the standard position; the position here is abnormal. Here 
stage (c) of the argument is trivial, as we saw in § 1.2. Stage (b), on 
the other hand, collapses altogether. The operations involved here 
are not linear; F', even the exact majorant, is not a linear functional 
of f. There is therefore no general theorem to which we can appeal 
for the proof of ‘interpolation’, and we are unable to prove it by any 
special device. Indeed ‘interpolation’, in the most obvious sense 
(and the sense in which it would be true if the operations were linear), 
is false, since (1.2.2) is true for g = 2k and not for general q. 

It is perhaps rather surprising in these circumstances that, in spite 
of the non-linearity of our operations, we can put through stage 
(a) of the argument and so prove Theorem 1. The arguments gene- 
rally follow familiar lines, but the non-linearity gives them some 
curious twists. 

2. Proof of the theorem 

2.1. Our main theorem|| is 

THEOREM 1. If p’ is aq for which (1.4.1) is true, for every f and EVERY 
majorant F, and in particular if 

~— a p= (k= 1,2,3....), 
then (1.4.2) is true for every f and SOME majorant F. 


n 
We write f. = >do,,e"*. 
—n 


+ As in F. Riesz’s proof of Hausdorff’s theorems ; see F. Riesz (6). 

t+ As in Hausdorff’s own proof of his theorems (where the case gq = 2k is 
derived from Young), in one of M. Riesz’s proofs of the theorem about con- 
jugate functions, or in our own proof of the theorems referred to on p. 306, 
note t+. See Hausdorff (4), M. Riesz (7), Hardy and Littlewood (1). 

§ M. Riesz (7); see also Hardy, Littlewood, and Pélya (3), 214-19, Theorem 
295). || Which we stated without proof in (2). 
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Thus f,, is the ‘Fourier polynomial’ of f of degree n. We use a similar 
notation for other functions. 

We denote by F™ any integrable function such that f, < (F),, 


i.e. such that lenl < Cry (|m| <n). 
Thus F™ depends to some extent upon f,,, but has an arbitrary ‘tail’, 
in which the coefficients may be complex. When n — 00, F“ becomes 
a majorant of f. We define A,(n) by 
oAeed (2.1.1) 
yf) 
Here ‘max’ means ‘upper bound’, and the upper bound is taken over 
all f,, and all F™ associated with each f,. We shall see in a moment 
that this upper bound exists. 

Next, let g be any function of L”, G,, any polynomial of degree 
n which majorizes g,,, and 


Ly(g,%) = min* 


A,(n) = max 


Y 
Jp(Gn) 
J (9) 
(the lower bound for all such G,). This lower bound is attained for 
one or many G.,, which we call G*; and we can select one G* so as to 
be uniquely defined by g.t We now define y(n) by 
ai 
Jp(Gn) (2.1.2) 
J,(9) 
the upper bound being taken over all g and the uniquely corresponding 
7*_ In this case also we shall see that the upper bound exists. 
n PI 
2.2. Lemma 1. The bounds d,(n), (nm) exist. 


(1) Given f,,, 7, we havet 


H,(n) = max p,(g,n) = max 


ln = Cnn) | < Cm( F) < J(F™) < J (F™) (|m| = n), 
Srl S (So- Tex ica < (2n+1)J,(F™), 
min 


IAfn) — max\f,| _— 
oe < ——-* < 2n+1. 
J(F™) ~ JF”) 


Hence A,(n) < 2n-+1. 

+ The existence of one G* at any rate is shown by the ‘Bolzano-Weierstrass’ 
argument, applied to the space of 2(2n+-1) real coordinates defined by the 
real and imaginary parts of the 2n+-1 coefficients. 

If there are many G*, let w+iv be the central coefficient of a G*, and select 
those for which w has its maximum value. If this is not enough to define a 
unique polynomial, apply the same process to v, and then, if necessary, to 
other coefficients. 

t We use c,,(h) generally for the mth Fourier coefficient of h. Without an 


explicit argument, c,, means c,,(f). 
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(2) Given g, let G, be the exact majorant of g,, i.e. 


G, = > lem(g) |e". 
By the definition of @*, 7 
IGE) < J,(G,). 

Also Cm(Gn) = lem(9)| < Ag) < J,(g), 
I(G,) < max|G,| < (2n+1)maxe,,(G,,) < (2n+1)J,(g), 

IGE) — Iy(Gy) 

Jig) ~ Jpg) 
Thus both A,(n) and .,,(n) exist (and do not exceed 2n+-1). 
2.3. In what follows we write generally 

x-(Z) = |f|"-tsgn Z, 


where the bar denotes the conjugate. Thus x,(f) = p’—1e-‘* when 


and so < 2n+1. 





C —_ pe'™, 
Lema 2. If his a trigonometrical polynomial, and t and y are real, 
then 


AS [ |h-+-tety +mid |r i) = rR{e'%c_,[ x,(h)]}. (2.3.1) 
dt 2x | 
—T t=0 

We may differentiate under the integral sign. Also, if h = pe*®, 
we have 


\hy| = |h-+-tefv+mi9; = fp? +2+ 2pt cos(md+y—a)}, 
d 1 | 
7 \hy|" = r\h,\"-*{t+-p cos(mb+y—a)}, 


7 


$x ara) =F | tr tcosimb-+y—a) do 
dt\2z7 J 2 


ee t=0 


= iR(e | \|h|" sgn h em? a), 
24 \2r 
the formula required. ' 
2.4. Our next lemma is decidedly more difficult, and its proof 
contains the kernel of the proof of Theorem 1. 
LEMMA 3. For every q and n 
A,(n) = py (n). (2.4.1) 
(1) We show first that dg S by (2.4.2) 
this is the easier half of the proof. 
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We start from an f, an f,,, not null, and an associated F™, take 
= XaFn) = fn |? sgn fin» 
and denote by G* the function associated with g in the manner of 


§ 2.1. We write 
k — Cn(Q); te — Cm( GR): 


Then J4f,) = 2 | fg 48 = ¥ Cy ky 
a7 n 


n n 
le - ee Y 7 ‘ 
< 3 Cm k m < > c m | ae (2.4.3) 
n n 
Y 
m 


and |k_,,| < K*,,, by the definitions of F™ and G* 


since |c,,| < oat 


respectively. But 
7 


. Y a l Mny(y - n Y . 
> &n ) = Qn | GS dé S J F' J (Gr). (2.4.4) 


Hence, by the definition of y,,, 

IUfn) < J,( FM) J, in) < J (PF). gy Jy(9) _ Hy Jy\ F™)J¢(f,) 
J Af, ) ) 5 
ao. < na 2.4. 
JF) ~ Me” ee 

which proves (2.4.2). 


(2) Secondly, we prove that 


Ma <A (2.4.6) 

Suppose that g is L?, G* (not null) is the function associated with g, 

and 4 7 947 

km =, Cn(9), Ky, — Cm( ie). (2.4.7) 

We writet H™ = x,(G%) = |G* |P—1sgn Ge, (2.4.8) 
Lin —_ C»(H™), 


and we begin by proving some properties of the Z,,,. 
(i) It follows from (2.4.8) and (2.4.7) thatt 
” ; n = ? 
H™ = |GQS\p-2Gs = |Gs|P-2 > Ks e-me (2.4.9) 
—n 


(since K* is real). Since 


|Gn(—9)| = |Gn()| = |G7()|, 
t It will be shown later that H™ is related to an h, as F™ is to f, in § 2.1: 


the notation anticipates this. 
t Unless G* = 0, which can happen at most for a finite number of values 


of 6. 
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the first factor on the right of (2.4.9) is real and even, and has, 
therefore real Fourier coefficients. The second factor also has real 
coefficients, and so therefore has H™. Hence 


(a) L,, 1s real for all m. 
(ii) If K* > |k,,|, (2.4.10) 
then, by the minimal property of G*, 
J2(GE+tem®) > JP(G*) (2.4.11) 
for small real ¢ of either sign. Hence 
and Ln = R(L_») = R{e_n(x,(G%))} = 9, 
by Lemma 2 (with y = 0). Thus 
(b) Lm = 0 if Ki, > |km|- 
(iii) This ongument fails when K* = |k,,|, since K,, = c,,(@) has 


to satisfy K,, > |k,,|, and ¢ cannot be negative. But (2.4.11) is still 
true for positive t (and |m| < n), and so L_,, > 0. Hence 


(c) Ly > 0 for \m| <n 


n 
Hence (H™), = > L,,e® 
=—% 


has non-negative coefficients. And if we write 
L, = L,sgnk_, (\m| <n), 1, =0 (|\m|>~n), (2.4.12) 
then (H),, is a majorant of 
h, = ¥ I, emi, 
and ar: 
(d) H™ is of the type H™ of § 2.1, i.e. is related to h, as F™ is to 


f, in § 2.1. 
Now 


J2(G*) = “af OH dO = ¥ K&L = ¥ li | Li 


€ 


7 


on account of (b). This, by (2.4.12), is 


dé < I, (9)Ip(n ). 
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Combining these results, and using the definition of d,,, we obtain 
TGR) < IL(9) Ap Ip(H™) = Ay IMIR (Gr); 
I(Gn) — 
Jig)" 
and therefore (2.4.6). This completes the proof of Lemma 3. 
2.5. Lemma 4. For every r, f, and n, 


IAfn) < A,J,(f). 


This is one of M. Riesz’s theorems.t 
Lemna 5. If (1.4.1) ts true for a particular q, all f, and all majorants 


F of f, then , 

? - (n) ORS 

J IFu) < Ag TF) (2.5.2) 

for every f,, and every F™ associated with f,, as in § 2.1. In particular 

(2.5.2) is true when q = 2k. 
Since F“” is a majorant of f 


n? 


J, (fn) < AJ (Fr) S A J (PF), 


qd qd 


by Lemma 4. 


2.6. We can now prove Theorem 1. Since (2.5.2) is true for all f,, 


and F™, ; 
A,(n) < A 


q@ 
and therefore, by Lemma 3, 
Ma (n) a A ° 
If then p = q’, gq = p’, we have 
— 
J(Gr) S A,,J,(9) 
for every n and every associated pair g and G*. There is thereforet 
a sequence (n,) such that Gy, converges weakly to a G* for which 
* 
J(G ) < A, J,(9). 
a ze Y * ~~, > | 
Finally Cm(Gm,) il lCm(9)| 
if n, > m, so that 
- (Qt) — ili ye) > | l 
Cr (G ) = lim Cn (Gn,) = lem(g) | 


yoo 


for all m, and G* is a majorant of g. 


+ M. Riesz (8), Theorem 5. t F. Riesz (5), § 7. 
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3. An appendix 

3.1. We have now completed the substance of the paper, but we 
add a few minor observations. These do not take us far, but, since 
they may have some bearing on the unsolved problem, are probably 
worth recording. It is inevitable in the circumstances that they 
should seem rather disjointed. 

We require 

Lemna 6. If f is L’, 

g = x(f) = |f!senf, 

and k_. wa C_»(9) =0 
for a particular m, then J,{f) is increased strictly by any alteration of ¢,,. 

Let fi, =ft+cem 
where c 40. If J(f) = 0, f is null, f, not null, and J,(f) < J,(f,). 


Otherwise we have 
7 


Sf) = 5 | fa do = 2 hg dot 


< AF DIAG) = IAfdIT A): 
and so Jf) < J,(f,). Equality demands 

Al’ = lol = If 
and also sgnf, = sgng = sgnf; 
so f, = f, which is false. 


3.2. THEOREM 2. Jf 
Cr» | < Cn (\m| < n) 
and, among all polynomials f,, which satisfy these conditions, fX gives 
a maximum for J,(f,,), then 
lem| = Cy (|m| < 2). 
If 9 = Xlfn)» Em = Em(9), 
and k_,, = 0, (3.2.1) 
then, by Lemma 6, any change in c,, increases J,(f,,) strictly. Hence 
f* cannot give the maximum unless C,, = 0, when there is nothing 
to prove. 
If |c*| < C,, then 


m m 


I fn+te'ven®) < J fr) 
T Since k_,, = 0. 
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for all real y and small positive ¢. Hence, by Lemma 2, 
R(e'vk_,,) = 0 
for all real y. This implies k_,, = 0, which is impossible because 


—m 
Y =" 
CC, ¢@. 


—m 


3.3. From Theorem 2 we can deduce another theorem bearing on 
our main problem. 

It is easy to see that there are ‘maximal pairs’ f,, F“ for which 

Ty Fn) = Aqlm Iq FO).F 

For such a pair f,, F™, all of (2.4.3)-(2.4.5) become equalities. 
From this it follows that g, G* are a maximal pair in the conjugate 
problem, and that 
, —_ Mn) |\d-1 gs Rn) 
Gr = Axl FM) = A, | FM 2 sgn FM. 


In 
Also [Cp (Fin! = Cry K* ns 
and 80 em = Cn (jm| < n) 
unless k_.. = 0. 


Theorem 2, however, enables us to say more. 


THEOREM 3. If f,, and F™ area maximal pair, then F\” is the exact 
majorant of f,,. 
For, if this were not so, we could leave F fixed, and increase 
IAfn)/J(F™) by changing f.,. 
Finally we prove 
r x - P ae oa 
THEOREM 4. Jf 0<c, < Gy 
and, among all polynomials f,, which satisfy these conditions, fx gives 
a maximum for J,(f,,), then every cf, is 0 or C,,. 
In the first place, as in § 2.4 (2) (i), 
= — |fir-legonf 
9 = x-(f) = [fl *sgnf 
has real Fourier coefficients. 
Next, as in the proof of Theorem 2, 
kim = ¢_,(g) = 9, 


+ We select a maximizing sequence f\"), F%), Then f has a limit function 
.» when N — © appropriately. Also F'%) has a weak limit /™ for a sub- 
n Pproy 


sequence of N, and JAE) < lim JF"). 
Hence Tl fn) > A(r)T(F™) ; 


and the opposite inequality is a consequence of the definition of A,(n). 
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if 0<c, <C,; and then, by Lemma 6, any change in ¢,, will 
increase J,(f,,). Hence, for the maximal polynomial, c,, is 0 or C,,. 

There are other proofs of Theorems 2—4, but we have chosen those 
connected most closely with the analysis of § 2. 
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vA SUPPOSED PROPERTY OF WAVE-FRONTS 
By J. HODGKINSON 
[Received 21 September 1935] 


IT is sometimes stated* in. text-books of physics that the wave- 
fronts in a progressive train of waves are the loci of points at which 
the oscillations are in the same phase at any instant. There is no 
obvious reason why these loci should be the envelopes of secondary 
wave-fronts which appear in the elementary applications of 
Huyghens’s principle. Clearly the statement only concerns wave- 
trains in which the oscillations are simple-harmonic, but, even so, 
the property does not belong to every solution, of this type, of the 
22 


ot?” 


equation of wave-motion 


V6 = 5 
oe 


Consider, for example, 

¢ = xcos n(t—z/c)+y sin n(t—z/c). 
Here the ‘waves’ travel in the direction of the z-axis. The ‘wave- 
fronts’ are the planes normal to this, and these are not the loci of 
points of equal phase. If then equality of phase is a necessary pro- 
perty of wave-fronts, it must be for the physical reason, if it is a true 
one, that this is the manner in which waves are actually propagated. 

Now the study of geometrical optics introduces us to systems of 
rays. Such a system of rays is always a congruence of normals to a 
system of parallel surfaces (only homogeneous isotropic media are 
under consideration). According to Huyghens’s principle, the parallel 
surfaces are the wave-fronts. This is the geometrical basis of the 
calculations of the forms of wave-surfaces given by Bouasse,t who, 
however, points out carefully that the wave-surface he describes has 
no necessary connexion with undulatory theory. His wave-surface 
is, in fact, a surface of equal optical distance. 

I have failed to find any suitable mathematical description of a 
progressive train of waves in three dimensions, and, for my own 
part, am unable to frame one which is free from ambiguity. This will 
not affect the negative theorem which I shall establish. 

* e.g. R. W. Wood, Physical Optics (1919 edition), 9; A. Schuster and J. W. 


Nicholson, Physical Optics (1924), 42. 
tT H. Bouasse, Optique géométrique supérieure (1926), 25, 31-4. 
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THEOREM. Solutions representing stationary oscillations are the 
only solutions of the equation of wave-motion such that, on each of a 
given, system of parallel surfaces, the oscillations are in the same phase 
at the same instant. 

Suppose we are given a system of parallel surfaces. We select 
any one of them for purposes of reference, and call the normal distance 
of a point from this surface v. On the surface v = 0, we take the lines 
of curvature as parametric curves A = constant, » = constant. The 
two systems of developable surfaces generated by normals to the 
surface v = 0 at points on lines of curvature are then the surfaces 
A = constant, » = constant; and A, p, v constitute a set of orthogonal 
curvilinear coordinates. 

Let the two fundamental forms* of the surface v = 0 be 

Ed +-Gdp?, D dd? + D" dp?. 
It follows that the first fundamental form of the surface v = constant 
is 7 ” 2 
(Z—Dr)? 2 ri at 


7 
v7 


dp”, 


so that, for any displacement ds, 


(Z—Dv) 


yy 


2 —_ 7)*»,)3 
an ae - du? +dv2. 
It is convenient to write H = A?, D= AB, G= C?, D’ = CD. 
|The change of meaning of D will cause no confusion.| We now have 

ds* = (A— By)? dd* + (C—Dv)* du? +-dr*, 
so that, in a usual notation, 

1 1 1 
a ao a z 
oes ie : = 

and the equation of wave-motion takes the form 

@ [h, @\  @ [hg ed\ 2/1 ad 1 a%4 

V% = 5 8f of See, 2) | eee 
$ ial Altace \ + Flin, -) aoe 


Suppose that a value of ¢ satisfying this equation is 


U cos nt— V sin nt, 
where U, V are functions of A, », v. If only one term is present, say 
U cosnt, ¢ plainly represents stationary oscillations and the phase 


* The notation is that of L. P. Eisenhart, Differential Geometry (1909). 
For the forms employed see pp. 122, 141, 142, 178. 
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of the oscillations at any instant is the same throughout any space 
in which U is free from singularities. Both terms must, therefore, be 
present for our purpose. By writing ¢ = t/—7/2n, we see that 
U sinnt+V cosnt also satisfies the equation, and therefore We”, 
where W = U-++7V, satisfies it. Hence 

n 


_W. 


C2 


VeW = 


We now write W = Re’®, and, in order that the phase of the 
oscillations may be the same at all points of any surface v = con- 
stant, we must make @ a function of v only. 

Now 

é Of 1 oR 27 ee 

(i < (Re) _ eio| 2 (, 5 ha 


év \h, hy ev \av\h h, ev hy ths ‘ov dv 
sipe( 1), ik @8 es ~ 
év\h, ho) dv ' hyhy dv? hy h,\dv 


¥ goo O +B ] 1 qo Re \_ p(2\" — 
\" év dv " thas h,h,} dv dv? | dv} 


so that 


V?R+i 


Hence V2R = ala) ~a 


\\dv c?| 
9OR qo Rh. I 1 \d0, a0 
~ Ov dv © 4 be h,h,jdv sd 


Now d6/dv cannot vanish. If it did, @ would be a constant, say a, and 


0. 


the value of ¢ would be Reos(nt+«), which represents a stationary 
oscillation. Hence we may write (4) as 


2 oR 1 d?6 /d@ 
+h,h, us — = 0, 
to ats h )+ | zai dv 


i“ Rd, ie 
we hih,dv *’ 


where yx is a function of A, wp. It is convenient to write d0/dv = 1/N?, 
and we must now substitute in (3) the precise form of the operator 
V? given by (1), (2), 

i.e. 


C—Dy OR A—BveR é | ok\ 
a A—B — Dv) 
ala pe ax) +7 ats — Dy =) i av \' a a | 


— (A—Bv\(C— Dy) R(x =) (6) 
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Nx 
(A— Bv)'(C—Dyv)* 
When the substitution of this value of R is made in (6), the result- 
ing equation can be written as 


2 
+ wt —1(AD—BO)MA — Bv)(C—Dv)? 


1 ay 5 eB) 


where, from (5), R= 





(A— Bv)(C— De) (5 “ . 


—»)(C—De(a— By) x 


_ ’__ J),,)4 = D. . caediee 
= (C—Dv)"(A—Byr) a — 9 


x oA? 


eB 

Vv 9 

or 
é 


1/é 
2 


\(c—Dyy (A— B45 = 


pa 4 
4\a a x) (C— mrt 


. aa Gy )C—Do\4—By)— 
eD 
"are 
(ax GQ) (A BaMC— Do) + 
oA oA 
+ similar terms in which the pairs of symbols A, n; A, C; B, D 
are interchanged. 

Now suppose values are assigned arbitrarily to A, uw. For all points 

on the surface A = Br, 
an =i %. or AD= BC. 
As the values of A, » are assigned arbitrarily, one of these alternatives 
must be true universally. 

The former of these gives B = AM, and we may find, in a similar 
manner that C = DL, where L, M are functions of A, » only. Thus, 
in the notation of Eisenhart, either 

D> wT 

BF 

In general, neither alternative is true, and the theorem is established. 

Consequently wave-fronts in general cannot have the property stated. 
Consider now a special solution of the equation of wave-motion, 


24 
(a 
+3(Q-” 

" 2\0A 

—5( ~ 8 

2\ ar? 


2(4— Bv)(C—Dv)®+ 


or D=EM, D’=GL. 


dine & {cos n(t—r/c)) 
~ @z2| r 


n{l 32 1 327 n@z 
= —|— — — }sin a(t—r/c)—|— — — cos n(t—r/c 
(a = ) n(t—r|e) -(5 — =) (t—r/e). 
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where, as usual, r denotes the distance of the point (x, y,z) from the 
origin of coordinates. This plainly represents a spherical wave- 
system. The irregularity of phase, which has been shown to exist 
in general, depends here on the variation of 

2zrAr(r? — 32?) 


r(r2— 32z?)n/c ‘ 
tan-! ( ym} ie. tan-!— ae 2..9,9? 
A? (r?— 32?) — 42° 9r?2? 


7? — 322 —r2z2n?2/c* 


where A is the length of plane waves of the same frequency. When 
r is large in comparison with A, the irregularity is negligible. This 
suggests that it can only be of importance when one at least of the 
radii of curvature of the wave-front is of the same order as the wave- 
length. It seems highly improbable that any theorem of physical 
optics is affected by what has been proved. 
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